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Abstract

In many applications, especially military applications, the inertial navigation system (INS) needs to achieve a high level
of accuracy in a short time. For alignment, recursive estimator filters and, in non-linear cases, the Extended Kalman Filter
(EKF) is often used. The dynamics of a real, continuous system and the output of the sensors are available discretely.
Therefore, a hybrid filter has been used. In addition, a robust filter is used to increase the reliability of system operation.
In this paper, a Hybrid Extended Kalman Filter (HEKF) is presented and then upgraded to the Hybrid Robust Extended
Kalman Filter (HREKF). By running the algorithm on the data of a real system, it was observed that the speed of
convergence increased especially in the yaw direction. By running the algorithm on the data of a real system, it was
observed that the speed of convergence has increased especially in the yaw direction. Finally, using the impulsive system
approach, a new stability analysis of the proposed algorithms is presented, which guarantees the boundedness of the error

estimation, which is unique.
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1. Introduction

In many applications, such as Unmanned Aerial Vehicle
(UAV) navigation [1, 2], mobile devices [3], Autonomous
Underwater Vehicle (AUV) navigation [4], and human
body motion tracking [5], etc., especially military
applications, the inertial navigation system needs to achieve
a high level of accuracy in a short time [6].

Alignment means finding the connection between the
physical coordinate system, and the navigation device [7, 8]
which is very important in the navigation process.
Converting the sensor readings into the reference frame's
height, velocity, and starting position requires an accurate
orientation calculation. Poor initial levels cause poor
navigation. Navigation systems that only work with low-
cost Micro Electro Mechanical System (MEMS) sensors
quickly diverge [9]. The system is based on the output of the
gyroscope sensor, which is updated by gravitational and
magnetic sensors.

Kalman Filter (KF) and Extended Kalman Filter (EKF),
as the most well-known and widely adopted approaches,
were applied in diverse areas, especially in the orientation
estimation [9-12]. In recent years, estimation algorithms
based on navigators integrated for various land, sea, and air
systems have been widely developed. One of the most
common algorithms for estimation is the Kalman filter. In
solving navigation problems, the Kalman filter is used in
linear models with Gaussian noise, and the EKF is used in
linear models with non-Gaussian noise. [13].Moreover, the
Robust Extended Kalman Filter (REKF) was considered for
nonlinear systems by researchers [14, 15].

For example, two covariance-tuning methods to form a
Robust Kalman Filter (RKF) algorithm for attitude (i.e., roll
and pitch) estimation using the measurements of only an
Inertial Measurement Unit (IMU) have been proposed by
Candan et al. [16]. Both of the proposed methods include an
adaptive mechanism for modifying the measurement noise
covariance to provide reliable estimates of the two axes of
orientation. For nonlinear systems, additional approaches
have been utilized, such as observer design [17].

Regarding a low-cost Inertial Measurement Unit (IMU),
an orientation estimation strategy for a non-accelerated
platform was presented. Kalman filter is the most used
technique to solve the problem of initial alignment [18].
However, it can only deal with initial alignment under small
misalignment angles. Under large initial azimuth
misalignment angle conditions, the model of SINS is
nonlinear, and it could be processed by nonlinear filtering.
Large misalignment angles and uncertain noise are two
main problems in initial alignment in different application
environments [19]. The nonlinear model of SINS and
nonlinear methods are developed to solve the alignment
problem. The widely used nonlinear filtering method in
engineering is EKF [20].

An EKF's performance may be significantly harmed by
linearization faults that are inherent in the specification. In
practice, the EKF has performance limitations. One of these
limitations is considering process noise and Gaussian
measurement. This assumption is not always true.
Therefore, this problem can seriously affect the performance


mailto:khosrowjerdi@sut.ac.ir
mailto:a.akbari@sut.ac.ir
mailto:s_ebadollahi@iust.ac.ir%20(Saeed

Tabriz Journal of Electrical Engineering (TJEE), vol. 54, no. 4, December 2024
DOI: 10.22034/tjee.2023.57843.4683

of the algorithm or even lead to a deviation in the estimation.
[21]

On the other hand, SINS initial alignment with unknown
noise, the conventional nonlinear filtering approach
discussed above will result in a larger estimate error if the
environment noise is not Gaussian white noise. In recent
years, the combination of magnetometer data, and inertial
sensors was widely used in estimating the situation [22, 23].
The data from the gyroscope is integrated to obtain the
orientation, while the data from the accelerometer and
magnetometer are used to estimate the gyroscope biases
online. However, the estimation accuracy of the two
methods depends on the accelerometer and magnetometer.
In the proposed method, the quaternion associated with the
bias of the accelerometer and magnetometer is modelled as
the state vector to estimate the bias of the gyroscope for
online calibration [22].

For practical systems, the hybrid model is more
compatible with considering implementation restrictions. In
this paper, a hybrid algorithm is presented because previous
algorithms were unable to provide an accurate estimate for
the yaw in practical implementations of SINS. A hybrid
system is a dynamic system with continuous and discrete
dynamic behavior. A hybrid system has the benefit of
encompassing a larger class of systems within its structure,
allowing for more flexibility in modeling dynamic
phenomena [8]. As far as the authors have investigated, no
research work has been done regarding HREKF and
algorithm design and stability proof and simulation with real
data, and this is the important innovation of this article.

The difference between this article and other research is;
Presenting the new HREKF algorithm, proving the stability
and convergence of that algorithm, and practical system
implementation. HREKF could achieve the results at a
significantly lower expense than HEKF, and obtain a high
accuracy even when the statistical property of noise is
uncertain, or the outliers of measurement occasionally
occur. As can be observed from the findings, the HREKF
outperforms the other filters, particularly in the YAW
direction, since it is resistant to process and system noise as
well as unknown inputs and different kinds of uncertainties.
The results show that the proposed algorithm performs more
efficiently than other observers to ensure the yaw direction
and eliminate perturbation in addition to the less structural
complexity.

Considering that the evaluation and adaptation of the
HREKF method to the specific requirements and
characteristics of the target system have been important for
ensuring optimal results, the Lipchitz condition has played
a crucial role in checking nonlinear systems when applying
this method in other systems. This algorithm has received
favorable responses for a real critical operating system,
indicating  its  effectiveness.  Furthermore,  the
aforementioned mathematical condition has proven valid
for a wide range of real systems. Consequently, this method
has demonstrated versatility and can be employed in similar
applications without specific systematic limitations.

The article is organized as follows. After explaining the
problem, HEKF is presented in algorithm 1 and HREKF in
algorithm 2, and the differences between the two algorithms
are shown. After that, the stability of HREKF has been
analyzed, and in the next step, with real data, the efficiency
of HREKF has been shown in this particular field, and as a
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result, it clearly shows that the HREKF algorithm works
better than HEKF.

2. Problem Formulation and Designed Algorithms
Motivated by the idea of hybrid systems, two kinds of
HEKEF are given. The dynamic of the system is continuous,
where the measurement is discrete. The considered
nonlinear hybrid system in this paper is represented by

x=fl,ut) + w(t) w(t) ~(0,Q)

Vi ~ (0, Ry)

@
Vie = he () + vy

where x € R™ , y, € R* u € R? denote the state,
measurement vectors, and control input respectively. The
nonlinear function f(-) is assumed to be continuously
differentiable and hy, is the measurement. w(t) and v, are

uncorrelated zero mean white noise processes with
covariance matrices Q and R, respectively. Since dual
estimation is done in this article, the process noise
covariance is divided into two general parts. In cases where
we have parameter estimation, the covariance matrix can be
recursively estimated with Robbins-Monroe coefficients in
each step and increase the modeling accuracy. Q is the
variance of process noise. Q,,, is the part of the covariance
matrix of the process noise that estimates with Robbins-
Monro coefficients, and Q is a constant part.

Q 0
0=o ka]

The gyroscope output is used to predict the direction
during propagation, which is known as the previous estimate.
Kalman filter-based algorithms consist of two crucial
processes: time update and measurement update. During
measurement updates, the magnetometer and accelerometer
outputs are utilized to correct the previous estimate,
resulting in a posterior estimate.

The paper continues by presenting an experimental
implementation of a real SINS, where the HREKF
algorithm is used to estimate the situation using angular
velocity measurements from a gyroscope and a
measurement vector. The algorithm aims to achieve
convergence in estimating the state matrix and bias
estimation of the gyroscope to actual values. To rectify the
inaccuracies in YAW angle calculation, the magnetometer
is utilized since it has higher precision. Combining the
accelerometer with the magnetometer eliminates the output
data drift of the gyroscope. By integrating the output of the
gyroscope and combining it with information from the
accelerometer and magnetometer sensors, more precise
position angles can be obtained. In the HEKF framework,
which is designed for nonlinear systems, the systems
operate continuously and the measurements are discrete. In
the continuous part, the measurements (Gyro Measurements)
are discrete but they are considered constant in time
intervals. For this reason, mixed modelling was done.
Therefore, the system consists of two parts, continuous and
discrete. In this paper, HEKF and HREKF are presented as
Algorithm 1 and Algorithm 2.

Algorithm 1 is an improved algorithm presented by Dan
Simon [24]. Kalman filters are highly sensitive to system
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modelling. For this reason, the covariance of the process
noise, which indicates the accuracy of the modelling,
becomes more accurate at each step. Parameter estimation
is performed at each step.

InStep 3, Q,, isestimated based on the Robbins-Monro
stochastic approximation method [24]. Due to differences
between environment noises and the variety of properties of
noise, the covariance matrix is estimated continuously in
this method which yields a more accurate model of the real
system.

In the above algorithm, M, is the mean state estimate
matrix of the previous step which can be considered as a
constant in all steps.

HEKF makes the accurate knowledge dynamic model of
the system under consideration one of its basic tenets. Since
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the filter type may not be resistant to this uncertainty, further
techniques were created with the same objective in mind,
and a discrete-time state estimator was created. The
approach taken in the robust HEKF is not to neglect the
higher-order terms of Taylor series expansions but rather to
assume them to be functions of the state estimation error and
the exogenous inputs that have bounded H,,. This approach
leads to a minimax estimation problem that can be treated
using standard H,, methods.

Since the equations of the system are continuous and the
measurements are discrete, then the filters must be hybrid.
So we have two time parameters, T is sample time and dt is
the step size and time interval used to solve the continuous
part. Algorithm 1 is presented as follows.

Algorithm 1. Hybrid Extended Kalman Filter

Step 1: Initialization

Initialize arbitrary value for 2§ and P4 as follows

2g = E[xo]
P& = E[(xo — 23)(xo — %5)"]
Step 2: Time Update (Prediction Cycle)

Predict X by using the following one step ahead state prediction formula:

R = Xi_q +dt(f (R_q, Upe—1, Wk—1, k — 1))

Predict P by using the following one step ahead error covariance matrix prediction:
Recursive formula: Py = Pi_; + dt(F Pi_, + P{_ FT + LQ,L")

Step 3: Measurement Update (Correction Cycle)

Update covariance matrix Q,,, as follows (Robbins-Monroe stochastic approximation)

Quy = (1 = ©Qq,_, + @k (v — h®) (i — h(®)) k]

_[Q 0
1o ka]

Obtain Kalman Gain as follows

Ki = P Hg (Hi P Hy + My R M) ™

Update state estimate as follows

2 =2 + Ke(ye — e (Ric, 0, 8))

Update the error covariance matrix as follows

Pf = — KeH )P (I — K H )™ + K My R MK,

0<acx<l1

where the Jacobean matrix of f(x;_;) and h(x;) are obtained as

of (x
F =29 .
_ dh(x)
Hk - ox Rk
oh
M, = %L?k
_0f(x)
k= a0 | 2,

where I Represent the identity matrix.

The HEKEF is obtained by first-order linearization of the
nonlinear model, and the approximation error between the
linear model and the original nonlinear system may be
significant. In this case, there are many deviations of the
estimated state from the actual state. Linearization error
reduction by modelling these errors in uncertainty makes the
system equations more accurate. To increase the reliability
of the system and guarantee of boundedness of the
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estimation error, a novel method is proposed to design the
HREKF

The main purpose of HREKF design is to guarantee the
norm of the transfer function among the external
disturbances (modeling errors and system noises), and the
estimation error to be less than a prescribed attenuation level

llekll 2 .
————X— < y% where ¢, is the
lwkll2+1AglI2+llvill? 14 k

estimation error (e, = x; — %), wy and v, are the noise

y which satisfies
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vectors and 4, = f(x,u,t) — f(X,u,t) — Fre, is the
model error caused by unknown exogenous inputs or by
linearization error. Tuning of attenuation level implies that
the ability of the HREKF to minimize the energy of the
estimation error is limited by the maximum eigenvalue
of P, . For a fixed value of y the bound of the estimation
error ||e, || is enlarged by the presence of a linearization
error or unknown exogenous inputs. The tuning parameter
y is nonzero and is set to maintain X ,_; as a positive
definite matrix. The structure of HREKF is similar to HEKF
wheny = oo,
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Additionally, a significant difference between the
projected state and the actual state will raise the linearization
error. The filter will not converge if this tendency is not
reversed. The result shows that a nonlinear robust filter is
more stable than HEKF and can effectively improve the
accuracy of initial alignment, and the robustness of the
algorithm. We will derive the HREKF, which considers
systems with continuous time dynamics. This is the most
common situation encountered in practice. In this
experiment, we have a continuous time with discrete time.
Algorithm 2 gives a design procedure for HREKF As
follows.

Algorithm 2. Hybrid Robust Extended Kalman Filter

Step 1: Initialization:

Initialize arbitrary value for 2§ and P4 as follows

X3 = E[x,]
Py = E[(xo — 25) (x0 — %5)"]
Step 2: Time Update (Prediction Cycle)

Predict X by using the following one step ahead state prediction formula

R =R +dt(f(Ri_ 1, Uy, 01, k — 1))

Update the covariance matrix by the following one step ahead error covariance matrix prediction:

P; = P{_, + dt(FPi_, + Pi_ FF + LQ, L")
One step ahead covariance matrix prediction:
e = (BT =y LEL) !

Step 3: Measurement Update (Correction Cycle)
Define an auxiliary matrix as follows
B, = HkZ,;H,f + Ry
Define the Kalman Gain estimate as follows
Ki = Z HL P ?
Estimate state as follows:
Xg =X + K[y — h(Z)]

The final estimation of the error covariance matrix is given by:

P = (C' + HgR ' H) ™

where the Jacobean matrix of f(x;) and h(x;) are obtained as) Discrete continuous.)

_of(x)
T ax Rr
dh(x)
e = dx

_ 0@

w

Fy

Xk

k |fk

where I Represent the identity matrix.

Remark 1: The tuning parameter y in Step 3 is nonzero
which is set to maintain X a positive definite matrix. The
norm of the transfer function of the estimation error is less
than the attraction level y. Tuning of the attenuation level
implies that the ability of the HREKF to minimize the
energy of estimation error is limited by the maximum
eigenvalue of P} . Moreover, a large deviation of the
estimated state from the real one will increase the
linearization error. If this tendency does not stop, the filter
will not converge.

498

3. Stability Analysis of HREKF

This section presents the stability analysis of HREKF.
Inspired by the stability analysis method for impulsive
systems, certain conditions are provided. The aim of proving
stability is to demonstrate that the error converges to zero
and remains at zero.

Define the error e = x — X yields

e=x—%=f(xut)— f(&ut) 2

As mentioned in the given algorithms, measurements are
given at time t;,, and X is modified as follows:
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2(t8) — 2(t) = ke i — h(R(8 (3
So, the error value at time t;, has a discrete change which

is calculated from the following formula:
{e(t;) = x(ty) — 2(tg) @
e(ty) = x(t) — 2(t;)

where e (tf) —e(ty) = x(t) — 2(¢) — x(tp) +
%(t;). Here, t; and t;¢ indicate before and after ¢;. Since
the dynamics of the system are continuous, then:

Aer(ty)) = e(tf) —e(ty) =

Kie (v — h(2(t)) ) 5)

We consider the noises as additive, so the error dynamics
can be rewritten as the following stochastic impulsive
system

é(t) = ferut) — f(&ub) t#t,
{ (6)

e(tf) = e(t0) — Ke (v — h(2(t0)) t =t

Impulsive time sequence T = {t;,t,, -} is strictly
increasing, and approaches to infinity. The function
f(x,u,t) isassumed to be continuous with respectto ¢, x, u
and uniformly locally Lipschitz with respect to x,u
f(-,0,0) = 0. The function h(-) is discrete with respect to
x. Assume that given an initial condition, there is a unique
stochastic process satisfying the system (6).

Now, the following definitions and theorem give a
sufficient condition to guarantee the stochastic system
stability and boundedness of the error function.

Definition 1: Given an impulsive time sequence T, the
impulsive stochastic nonlinear system (6) is stochastic
input-to-state stability (SISS), if, for an arbitrary € €(0 1),
there exist 8 € KL,y € K, such that for all x(¢t,) € y,u €
U.P{lx(®)] < B(x(to)l, t —to) +vllull} 21 —eVt €
R+

Here, P denotes to probability measure. Given a set S of
admissible impulsive time sequences, if the system is SISS
forevery T€ Sand B, vy does not depend on the choice of
T, then the system (6) is uniformly SISS over S. KL and K,
denote functions of class KL and K., respectively. [25]

Definition 2: Given an impulsive time sequence T, the
impulsive stochastic nonlinear system (6) is stochastic
global stability (SGS), if for an arbitrarye € (01), is
existyy, v, € K, such that for all x(¢,) € y,u € U.

P{lx(O] < y1(Ix(t)],) + vallul} = 1 —€
R+

Given a set S of the admissible impulsive time sequences,
if the system is stochastic global stability (SGS) for every
T €S and y;,y, € K,do not depend on the choice of T,
then the system (6) is uniformly SISS over S. [25]

Theorem 1: Consider the stochastic nonlinear system (6)
with Kalman gain K, = PX, HY.

where Z; = ((P, )™ =y 2LEL) ™

If there exists a positive matrix P and positive scalars
€, 6, d, and ¢ such the following conditions are met for all
a>0

Vt €
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(e —1)P  PLHIPY I
(ZHEBSY) PT el 0o [>0 (7-a)
I 0 en
P(a) ds
& _
POL <5 (7 —b)

Then, system (6) is stochastically globally stable.

Here, T is the minimum time between two
measurements, and ¢ (V (e, t)) represents a function that is
continuous and zero at zero. In the above relations
V(e t): x x Rf, » R* is an optional SISS-Lyapunov
function and scalar n has been gained from Lipshitz

condition (y — h(t,;l))T (y - h(x(tk))) <ne®)Te(t).
Matrices P, X, and HT have been defined in Algorithm 1,
previously.

In stochastic impulsive systems, as mentioned in the [26]
(readers are referred to as Theorem 3.1 in Ref. [26]), we can
always have an estimate of the function E||x(t)||? for the
system.

Proof: See Appendix A.

Remark 2: In the above theorem, the Lyapunov
function V(e,t) =§eTPe is considered which satisfies

Lv(e,t) < —p(V(et)), and it is assumed (y—
h(t,;l))T (y - h(x(tk))) < neTe. Since the continuous
dynamic system is stable, so we can get (V(e,t)) =
cV(e,t) wherec > 0and then T > —%+ 6 in whichs§ >

0. Also, (y-— h(t;l))T (y - h(x(tk))) <neTe is
concluded from the Lipchitz condition and n is a positive
scalar.

4. Experimental Implementation

This section presents the system equations for the
experimental implementation of true SINS using the
HREKF and HEKF methods. The attitude and bias are
estimated using these methods, and the covariance of system
error is continuously updated with reality. First, the
equations of the system are presented, and then the results
of HREKF and HEKF are presented to estimate attitude and
bias.

4.1. System description

The state vector includes quaternions and bias
gyroscopes, which are estimated at each step using recursive
algorithms, defined as follows.

x=[q ¢ 9% g3 P “yp P»]"  (8)

wherew = [Wx Wy Wzlg=[q q 92 943]

Now, we develop HEKF for the specified SINS. As
mentioned previously, the HEKF is the nonlinear version of
the conventional Kalman Filter, which linearizes an estimate
of the present state and covariance using the Jacobians of the
prediction and measurement functions. This allows a whole
new set of prediction and measurement models to be used

for estimation, as long as the prediction, and measurement
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models f and h can be defined as differentiable functions
of x.

The next quaternion is found through numerical
integration using q,, = qy_, + dt * q; where
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_q(h _qCI2 Wy — wxb

. _1 0 3 _

q(q,w) = 2| —q3 90 [wy Zyb €C))
92 —q1 zb

The gyroscope biases are unchanged during the
prediction step. This allows f to be built as

— dt -
o + 7 * (_ql(wx - a)xb) - qz(wy - wyb) - Q3(O)Z - wzh))
dt
q1 + 7 * (_qo(wx - a)xb) - q3(wy - wyb) - ‘h(wz - wzh))
dt
x = q2 + 7 * (_q3(wx - a)xb) - qo(wy - wyb) - ql(wz - wzh)) (10)
dt
qs + 7 * (QZ(wx - wxb) - ql(wy - wyb) - CIO((‘)Z - wzb))
Wyp
(L)yb
Wzp
The Jacobian can then be calculated to produce matrix F
[ dt dt dt dt dt
1 _T(wx — Wyp) _?(wy - wyb) —7(% — Wgp) 7(11 7‘12 7613
dt dt dt dt dt dt
—(wx —wy) 1 —7(0)2 — Wgzp) 7(0)3/ - wyb) —7610 —7613 ?(h
dt dt dt dt dt dt
d
% =F = _(wy ®yp) 7(“’2 —wz) 1 _7(‘% — Wxp) 5% T 50 (11)
dt dt dt dt dt dt
7((‘)96 — Wyp) ——(wy wyb) 7(wx —wy) 1 —7612 7611 —7610
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

The measurement model h(x) serves to map the current
state estimate x onto the measurement vector vy, effectively
allowing the prediction to be compared with real-world
measurements. Hence, this involves describing what the
accelerometer and magnetometer should be reading given
the current quaternion prediction, so the measurement
vector can be defined as:
aZ

my my mZ]T

y = [a (12)

Ay
where a,, a,, a, are acceleration in three directions and
my, m,, and m, are magnetometer outputs.

The fixed frame gravity vector rotates into the body
frame, represented by the unit quaternion g, mapping it into
the accelerometer vector. This application only cares about
the direction of the gravity vector and not its magnitude, so
the vector is normalized before being operated on.

ay 0
[ayl = h(x) = R(q) *g = R(q) * [ 0 l
a -1

A
=2(q193 — 9092)
=[ —2(9295 — 9041) (13)
—q5+qf + 45 — a3
where
@G+ai—a;+a;  2@q+tas)  2(qqs+ qoqz)
2192 — Q0 qs) BHE+a—aF  2(qq3+q091) | (14)
20193+ 90 92)  2(q205—qoq) 96 —aqi — a3+ 43

Two quaternion products can be combined to form a
rotation matrix R(q).

Magnetometer mapping is performed in the same way as
with the accelerometer rotating the reference frame
magnetic field strength vector b, into the body frame
represented by the estimated quaternion.

where
m, b,
[my] = h(x) = R(Q).|by| =
m, b,

b (ad + 9% — a3 — 43) + 2b,(q1G2 + G0 93) + 2b,(q1G5 + q0 92)
2b, (4102 + 90 q3) + 2by(a§ + qi — 45 — 43) + 2b,(q293 + g0 41)

2b, (9193 + 40 42) + 2by(q2q3 + qo 41) + 2b,(q§ + af — a5 — q3)
(15)

These two mapping can then be combined to form the
full transition function. h(x;) is presented as follows

[ —2(q193 — 9042) 1
—2(q293 — 9091)
—q5 +ai + a5 — 43
[bx(qé +4i +q5 —43) +2b,(q193

h(x;) = (16)

2b,(q193 — 90q2) + 2b,(q203 + 40q1)

- QOQZ)J
2b,(q1q3 + 9092) + b, (g6 + qf — a5 + q3)

An attitude quaternion can be converted into Euler angles in
the Tait-Bryan YPR (yaw pitch roll) order using

yaw = arctan(2.(qoqs + ¢142), 1 — 2. (g% + 43))

500
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pitch = arctan(2.(qoqy + q293), 1 — 2. (¢? + q2))
roll = arcsin(Z(qu2 — q3q1))

4.2. Magnetometer Calibration

Inexpensive electronic sensors used for measuring magnetic
fields are prone to errors caused by sensor construction and
the ambient field. To address this, a mean square method
was employed to calibrate a triaxial magnetometer, as
described in articles [8, 27, and 28]. The results of this
calibration are shown in Fig. 1, which depicts three-
dimensional positioning and perspective cross-sections of
the measurements. Fig. 2, on the other hand, shows the 3D
position and cross-sections of the calibrated data.

Fig. 2. Three-dimensional positioning and perspective
cross-section of measurements.

4.3. Experimental Verification

This section evaluates the performance of the proposed
approach using real data collected from a test bed, as
illustrated in Fig 3. In this section, the following parameters
are used:

For this simulation, the initial values of states are
considered as x, =[0 0 0 0 0 0 0]"and the
initial value of the state estimation is considered zero. The
real noise power affecting the system is considered as
Gaussian white noise with covariance matrices Q = 10761
and R.  Since the modeling is done in a hybrid way, two
time parameters are considered T=0.01 is the sampling time
and dt = 5 x 1073, which is actually the smallest time step
for the continuous part.

In Algorithms 1 and 2, Robbins-Monro coefficients are
used to estimate the parameter, which is considered as the
initial value of the parameter @ = 0.5.

The three degrees of freedom table is used to calculate
the difference between the estimated and actual status values.
5. Conclusion

Initial alignment is a critical issue for an inertial
navigation system. The essential goal is to determine the
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The designed algorithms are used to estimate the deviation

(179nd side angles, and the resulting error estimation is depicted

in Fig. 4.

Fig. 3. Physical map of three-axis turntable testing.

A comparison of estimation Minimum Mean Squared
Error (MMSE) values for designed algorithms is given in
Table 1. Mean Squared Error (Minimum MMSE) statistical
criterion was used to evaluate the accuracy of the estimation.

Table 1. Comparison of estimation Minimum Mean
Squared Error (MMSE) values for designed algorithms.

ROLL PITCH YAW
HEKF 1.006 1.418 74.361
HREKF 0.400 0.516 20.600

As seen in Figure 4 and Table 1, HREKF performed
much better than HEKF. It has performed very well,
especially in the yaw direction. Meanwhile, the estimation of
YAW values in other algorithms is not reliable. In Figure 4,
the values of roll and pitch are considered zero, and the actual
values of yaw are also a pseudo-triangular diagram, which is
displayed in red color in the third diagram. The high
performance of HREKEF is evident. In the direction of ROLL
and PITCH, this accuracy is improved.

L
1 50 100 150 200 280 300 350
Time(s)

Fig. 4. Error estimation of deviation and side angles with
the designed algorithms.

Additionally, the gyroscope bias is continuously
estimated using parameter estimation. The validated values
of the gyroscope bias are shown in Fig. 5.

Bias of the gyroscope in x axis

0.01 —_— —_— . B
J HEKF
o ————— HREKF |
-0.01
o

50 100 150 200 250 300 350 400 450 500
Bias of the gyroscope in y axis

0.02 . v - T
[——HEKF
I 4 —-—-—HREKF | |
-0.02 " . . "
o

50 100 150 200 250 300 350 400 450 500
Bias of the gyroscope in z axis

0.1 . . v +
L HEKF
o 1 HREKF | .|

o 50 100 150 200 250 300 350 400 450 500
Time(s)

matrix between the body and the navigation device. Kalman
filter is a common technique to solve the alignment problem,
but in cases where the error angle is small. If this error is large,
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the model is non-linear and a non-linear filter should be used.

Since the phenomena in nature are continuous and on the
other hand the output of the sensors is discrete, all the filters
are modeled in a hybrid way and this work has an important
contribution in modeling the system more fully and as a
result having less error. But despite the successes, HEKF has
linearization error and causes cumulative error. Also, YAW
does not follow HEKF and therefore causes divergence. In
this paper, a new algorithm called HREKF was presented.
The proof of the stability of this system on the one hand and
its better results in simulation based on real data on the other
hand, both of which are innovations of this article, show that
HREKF has a much better performance, especially in the
direction of YAW, compared to HEKF. This new algorithm
is not only resistant to process and system noises but also
insensitive and resistant to unknown inputs and modelling
uncertainties. In addition to less structural complexity, this
proposed algorithm has a more effective performance in
estimating the YAW direction and removing the disturbance.

6. Appendix

(Proof of Theorem 1)

For the stability analysis, the following assumptions and
definitions have been used. Consider that, we have used it for
stability analysis of the system (4 — 1).

{X(t) = flx,u, t)dt + glx,u, t)w(t) t € R \ ty
x(t) = h(2(t),u(ty))  t=t; (A-1)

Eqg. (A — 1) has been written in a general form and Eq.
(1) is a special case of this form.

Some definitions

The following definitions are necessary to give the
stability conditions.

Definition 1 [30]: Given any C?*! function V: y x
R, — R*, the differential operator £ associated with the
continuous stochastic equation stated above, is defined as

LV( t) _BV(xt) aV(Xt)f(t, ,u)+

ot
om x0T g e, u)]
By It6 's formula in Hu et. al. [29], It obtained that
dV(x,t) = LV (x,t)dt +
aV(x 9 g(t, x, w)dw(t) t € RY\ b
Def|n|t|on 2 [25]: AC?? functlon Vix xR - R*is

called an SISS-Lyapunov function, if there exist a;, @,, p €
ko, € P such that for all x(t,) € y,u € U

a;(|x]) < V(x,t) < ay(Ix]) t € R,
x| = p(llull) =

{LV(x, ) <-2Vxt) teRi\t
V(h((x,0),t) <p(V(x, 1) t=t

where P denotes the set of the functions and y and U are
initial and input spaces, respectively.
We define the range of T as T = {ty, t,, t3, ... }, where
t, are the measurement times. We need the following
definition. Consider following impulsive dynamic
e)=flx,ut)+w() t+t
A
e(ti) = e(te) — Ky (v — h(2(t0))) t=1t;
Now, consider following an impulsive system [30] which
Theorem A.1 [25]: Consider impulsive stochastic
nonlinear system (A-1). Suppose V:y x Rf — R* is a

-2)
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SISS-Lyapunov function for (A — 1), where ¢ € P is
convex and i € P isconcave. If thereiscertain T,6 > 0

such that foralla > 0,

Y(a) ds
Ja oo = (A-3)

Then, the system (4 — 1) is SISS for all impulsive time
sequences where t, ; — t, = T.

Proof of Theorem 1

Consider system (A—1) and Theorem A.l. By

selecting Lyapunov function V(e,t) = %eTPe we have
that%lmm(P)eTe <V(et) < %Amax(P)eTe. So the first
condition of Definition4 is established. Now, we need to
check the second condition of Definition 4.

LV (x,t) = eTPf(x,t) + gT(x,t)Pg(x,t) —
e"Pf(%,t) — g" (&, )g(x, t) (A-4)

The function f(.) satisfies the Lipshitz condition that's
mean If G, t) — FR OI? < Alx — £]|? = Alle]|? where

A is a positive scalar value. In general, we have

9"Pg < Anax(P)llgll?*, g"PG < Amx(P)IIgII2 A
basic condition is e" Pf (x,t) — eTPf(%,t) < —qp(eT,e).
Now, we have

T
e(ti) — Ki (v — R(2(t0))) ple(ti) — K —
h(2(t)) < P (x, )" (A-5)
So, by setting conditions of Definition 4 and assuming
) V@A —p_ 5 in Theorem Al, the system is

a <p(5) -

stochastic global stability. Now, assuming ¢ = cV (e, t)
and ¥ = e~V (e, t), we have LV (x,t) = eTPf(x,t) —
eTPf(%,t) < —ce'Pe.

This equation indicates the dynamic of continuous of
systems without impulses is stochastic global stability. Since
we assumed the stability of the continuous system, no need
to check it. Now, consider the second condition of (11) at

impulsive instances.
V(h((x, ), t) = (e(ti) — K (vi —
h(Z (NP (e(ty) — K — R(R(t))) <
e e’ Pe(t;)
We set, e(t;) = e, SO
eT(P — e @P)e + 2e"PK, (v, — h(2(t)) +
KO — h(Z(ED) PE i — hEEDN < (A=7)
In the above relation, the inequality 2x"y <€ xTx +
e 1yTy is used. So, we use an inequality matrix:
V(h((x,0),t) < eT(P — e *P)e + ee" PK, KT P +

e (y -t (v — h(x(t0))) (4-8)
In the above relation (y — h(t;1))" (y - h(x(tk))) <

neTe should be used which arises from the Lipshitz
condition. So, we have eT(P —e 4P + epK KF +
e~ 1ne < 0. Since the main dynamics is continuous, and
using Shcur compliment, then d < 0 and

(A-6)

(e7*—1)P PK, I
KIpT e 0 |[>0 A4-9
I 0 enl

P > 0 (Symmetric positive matrix) and € > 0 (scalar)
then condition

-d
fae a%dv

ne @

-d
1 1 _
=;lnve a=;(lne dqg —Ina) =

=-2<T-¢ (A —10)

So,we have T > — % + &. The proof is completed.
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Remark 3: Note that Theorem A.1 is a general theorem. If
we compare with the form of system (1), we see that the
function g(x, u, t) is equal to the unit function in system (1)
and this system is a special firm of (A — 1) with g(x,u,t) =
1. Therefore, without losing the principle of the problem, we
advanced the proof in a general way, until we see that the
function g(x, u,t) satisfies the conditions of the problem
(gTPg < Amax(P)llgl|?). Therefore, the function g(x, u, t)
does not appear in the final results.
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