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Abstract: 

Source modelling is a gateway to the fascinating world of source coding. Many real-world sources are sparse or have a 

sparse representation. According to this fact, this work has focused on providing a new model to represent real-world 

non-strictly sparse (compressible) sources. To this aim, a novel model has been evolved from a simple sparse binary 

source to reflect the characteristics of compressible sources. The model is capable to represents real-world compressible 

sources by classifying samples into different classes based on their magnitudes. The model parameters are estimated using 

an innovative approach, a combination of a clustering technique and the binary genetic algorithm. The ability of the new 

approach has been assessed in modeling DCT coefficients of still images and video sequences. The proposed model also 

inspires an efficient coding approach to compress a wide range of sources including compressible sources. Comparison 

with classical well-known distributions including Laplace, Cauchy, and generalized Gaussian distribution and also with 

the most recent Noisy BG model reveals the capabilities of the proposed model in describing the characteristics of sparse 

sources. The numerical results based on the ñchi-square goodness of fitò show that the proposed model provides a better 

fit to reflect the statistical characteristics of compressible sources) 

 

Keywords: 1Binary genetic algorithm, Chi-square goodness of fit, Compressible sources, Gaussian mixture model, 

Parameter Estimation, Source modelling. 

 

1. Introduction  

Source Compression is an important part of every 

efficient communication system. Over the last few years, 

advances in network-based technologies like the Internet 

of Things (IoT), have risen the demand for source 

compression much more than before due to the abundant 

amount of information generated by diverse sensors and 

network devices [1]ï[3]. Furthermore, compression 

plays an important role not only in the field of 

communications but also in the field of signal processing 

and medical applications [4]ï[6]. A big amount of 

information is buried in real-world signals including 

voice, image, and video content which are continuous in 

nature. Due to the limited bit budget in digital storage and 

communication systems, compression of these kinds of 

sources implies distortion. According to the rate-

distortion theory [7], given a source model, represented 

by its Probability Distribution Function (PDF), and a 

distortion measure, the minimum rate (R in bits) required 

to compress the source for a given distortion (D) is the 

rate-distortion function R(D). R(D) is actually a curve 

that illustrates the minimum required rate (in bits) versus 

the distortion level D. So, source modelling is the first 

step to deal with a source coding problem. A source 

coding problem generally includes two major phases: 

modelling and coding.  In the modelling phase, the main 

goal is to find a proper distribution to describe the 

statistical behaviour of the source. While, in the coding 

phase, given a source model, finding the fundamental 

limit, R(D), and designing the shortest descriptive code 

(practical source encoder and decoder) are of great 

interest. However, source modelling is the basis of both 

rate-distortion investigation, and source coding ( Fig.1).  

 
Fig.1. Importance of source modelling in a source coding problem 

Modelling phase is one of the most challenging parts 

of a compression scenario [8]. Many studies have been 

focused on creating accurate source models accordingly. 

In the recent decade by the emergence of sparse 

representation and compressive sensing [9]ï[11], a wide 

area of fundamental research has also been focused on 
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designing sparse source models. There are two main 

categories of sparse sources called strictly sparse sources 

and non-strictly sparse sources [12].

 

 
Fig. 2. Methodology of the paper 

 

  In the case of strictly sparse source models, one of the 

well-known and the most common model is the 

Bernoulli-Gaussian (BG) spike model [12], [13]. It is 

formed by multiplying a memoryless p-Bernoulli 

sequence to a Gaussian density function. BG model could 

be considered as a special case of the mixed random 

variables provided in [14]. The Bernoulli-Uniform (BU) 

and the Bernoulli-Generalized Gaussian (BGG) 

distributions are other models for strictly sparse sources 

discussed in [15], [16] respectively. Also, the binary 

sparse source is another sparse source model which is 

used to model the location of non-zero transform 

coefficients [12]. 

On the other hand, real-world signals mostly are 

presented by non-strictly sparse source models [15]. 

Transform coefficients are practical examples of the 

output of such source models [12]. So, there are many 

studies that have focused on the modelling of transform 

domain coefficients. Modelling of transform domain 

coefficients such as DCT and wavelet coefficients has 

always been of great interest due to its widespread 

application in video and image coding standards. In [17] 

it is claimed that the DCT coefficients have  Gaussian 

distribution while the authors of [18] have claimed that 

the Laplace is a dominant choice to describe DCT 

coefficients in terms of simplicity and fidelity to the real-

world data. Also, the Cauchy distribution has been 

utilized to model the DCT coefficients in [19]. 

Furthermore, in [20]ï[22] a generalized Gaussian 

distribution is used to model wavelet coefficients. In [12] 

it is claimed that a Noisy BG source model is sufficient 

to model wavelet transform coefficients. This model is 

simply a two-component zero-mean Gaussian mixture 

model. Also, heavy-tailed distributions have been 

considered as alternatives to describe compressible 

sources. In [23], some heavy-tailed distributions like 

Pareto, Weibull, and Levy are used to model DCT 

coefficients.  

Having an appropriate source model, a typical source 

coding problem consists of these two following aspects: 

1) Investigating rate-distortion fundamental limits of 

the source: 

There are some related studies in which the rate-

distortion limits are derived for some well-known sparse 

source models. For example, the information rate- 

distortion bounds for BG sources, have been derived  in 

[12], [24], [25]. Furthermore, the remote information 

rate- distortion problem is studied in [26], [27], where the 

source model is BG. Also in [28], an accurate rate- 

distortion approximation for BGG is calculated. 

Furthermore, lower and upper bounds on the rate-

distortion function of the Noisy BG source model has 

been investigated in [12]. 

 2) Designing practical source codes: 

While rate-distortion theory determines the best possible 

coding performance for a given source model, an 

efficient practical source code is the only way to 

approach the fundamental limits. Source coding for 

sparse sources could be performed more efficiently by 

taking advantage of the sparsity/compressibility structure 

of the source model [15]. For example, in [29] a serial 

quantization scheme is developed for BG sources. Also, 

a bit allocation method and an optimal uniform quantizer 

are designed in [30] and [16] for the BGG source model 

respectively. In [15] a syndrome encoding-based lossy 

compression scheme is developed for the noisy BG 

source model using Reed Solomon and BCH codes. 

There are also many studies focused on finding efficient 

codes for non-sparse source models. For instance, in 

[31]ï[33] a lossy compression technique is utilized to 

compress binary symmetric sources using polar, low-

density generator matrix (LDGM), and spatially coupled 

LDGM codes, respectively. Furthermore, the low-

density parity-check codes have been utilized to 

compress a sequence of independent and identically 

distributed (i.i.d.) Bernoulli random variables in [34]. 

There are also some studies focused on compressing 

continuous source models. As an instance, in [35] a 

rateless lossy compression technique is utilized to 

compress Gaussian sources.  Similarly, there are some 

related studies focusing on lossy compression of 

Gaussian sources in [36], [37].  

Although, most real-world sources are compressible 

(non-strictly sparse)[12], however, most widely utilized 

sparse models, including BG and BGG source models, 

are strictly sparse. So, they cannot be used to describe 

compressible sources precisely. In the context of sparse 

source modelling, the only compressible source model is 

the noisy BG source model which is introduced and 

utilized in [12] and [15] (equation (3) in this paper). This 

model is capable of modelling near-zero values by 

classifying the transform coefficients into two significant 

and non-significant samples. But there is no discussion 

about how accurate the noisy BG source model can 

describe real data in the literature. Moreover, from a 

designing coding scheme perspective, the two latest 

references could be reviewed as follows: 1) in [12] a 

coding scheme is provided by exploiting the 

compressibility property of the noisy BG model. The 

coding scheme includes the quantization of coefficients 

using two different codebooks for two classes of 

significant and non-significant samples. 2) Although in 

[15] Noisy BG model is utilized as a sparse source model, 
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it is proposed to take the advantage of sparsity property 

by estimating the locations of zero coefficients in the 

encoding process. In fact, near-zero values are eliminated 

in [15]. However, a fine quantizer must keep near-zero 

coefficients [8], especially, it is known that near-zero 

values are not just noise samples, but they may carry 

important vital information. Table I presents detailed 

information about the most common models and their 

properties in respect of modelling sparse sources. 

In this paper, we have designed and proposed a multi-

class magnitude classifying sparse source model which is 

capable of describing real-world compressible sources. 

The simulation results show that the proposed model can 

describe real-world sources more accurately based on 

chi-square goodness of fit measure in comparison to 

popular source models including the Noisy BG model. 

From a source coderôs perspective, one of the outstanding 

advantages of our proposed multi-class magnitude 

classifying model 

is that it inspires a general coding scheme that is capable 

of taking the advantage of the sourceôs compressibility. 

Although this paper is focused on designing a sparse 

source model and an algorithm for parameter estimation 

of the model, we review the inspired coding scheme 

briefly in the discussion section and leave it for future 

work. 

Table I. Comparison of most widely used models 

Source 

Model 

Used or studied for 

Strictl

y 
Sparse 

Non-

strictly 
Sparse 

Inspira

-tion 

of 

coding 

schem
e 

DCT 

coeffici

ents 

Wavelet 

coeffici

ents 

Position 

of non-

zero 

coeffici

ents 

Gaussian 
[17] 

P - - - - × 

Laplace [18] P - - - - × 

Cauchy [19] P - - - - × 

GG [21], 

[22], [38] 
- P - - P × 

Sparse 

Binary 
Source [12] 

- - P P × - 

BU [15] - - - P × P 

BG [12], [13] - - - P × P 

BGG [16], 
[30] 

- P - P × P 

Noisy BG 

[12], [15] 
- P - × P P 

The contributions could be summarized as follows:  
1) A magnitude classifying sparse source model is 

proposed to represent real-world sparse sources. The 
model is developed from a simple binary sparse source.  
The ultimate compressible source model is capable of 
representing DCT coefficients of real-world sources. 

2) Two algorithms are provided for parameter 
estimation. Given means, algorithm 1 provides a raw 
estimate of the model parameters. It is then called in 
algorithm 2 to be combined with an evolutionary sub-
algorithm to minimize the chi-square cost function. The 
parameter estimation could be considered as a heuristic 
approach to model multi-class magnitude classifying 
sources.   

3) The accuracy of the proposed model is justified by 
calculating the chi-square goodness of fit measure in 
comparison with state-of-the-art models. The normalized 
histogram of the DCT coefficients of still images and 
video sequences, when the number of them is large 
enough, is considered as the real-world source 
distribution. 

The rest of the paper is organized as follows. In Section 
2, a background consisting previous well-known models  
including the BG distribution, and the Noisy BG are 
presented. In section 3, a new sparse model is developed. 
In section 4, an innovative parameter estimation 
technique to estimate the modelôs parameters is presented. 
In section 5, the parameters of the proposed model are 
estimated. The simulations, the numerical results, and 
discussion as well as some applications of the proposed 
model in coding context are also given in 5. Finally, the 
paper  is concluded in section 6.  

 

2. Backgrounds  

Many sparse sources are the output of a sparsifying 

transform, like DCT, when it is applied on an input 

sequence that is not necessarily sparse. In this section, the 

most important models to represent sparse sources are 

reviewed. Suppose a memory-less sparse source 8 
generates ὢȟὢȟȣ, a sequence of i.i.d. random variables. 

A BG spike distribution as a sparse source generates 

ÉȢÉȢÄȢ  samples according to the PDF presented in (1). BG 

spike distribution is actually the multiplication of a p-

Bernoulli discrete random variable ὣ and a continuous 

zero-mean Gaussian distribution ὤ with variance equal to 

ʎ  [12]. The parameter p is in the range [0, 1] and 

controls the sparsity of the model. The lower the 

parameter ὴ, the more sparse source is formed. 

Ὢὼ ρ ὴ‏ὼ ὴ
ρ

Ѝς“„
 Ὡ  

(1) 

More generally, the cumulative density function of a 

mixed random variable is written as equation (2)[14]. 

Ὂ ὼ ὖ Ὣ ὸ Ὠὸ 
(2) 

where π ᷿ Ὣ ὼ Ὠὼ  ‌ ρ and В ὖ

ρ ‌. In fact, the BG spike source is a special case of 

the mixed random variable, when the discrete part is an 

impulse at zero with the probability of ρ ὴ, and the 

continuous part is a Gaussian component with the 

probability of p. The BG spike distribution, models 

strictly sparse sources when ὴ is small enough. In that 

case, most of the time it generates exact values of zero, 

and sometimes it generates a random value according to 

a zero-mean Gaussian distribution with variance equal 

to „ . When the zero values in a strictly sparse source are 

replaced by very small nonzero values, a non-strictly 

sparse source is formed. In a non-strictly sparse source, 

the impulse function in equation (1) is replaced by a zero-

mean Gaussian function as shown in equation (3). The 

resultant model is a mixture of two zero-mean Gaussian 

components with different variance values „  and „Ȣ  
This model is called Noisy BG [15] and has been utilized 

to model wavelet coefficients of still images in  [12]. 
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Ὢὼ ρ ὴ
ρ

Ѝς“„
 Ὡ ὴ

ρ

Ѝς“„
 Ὡ  (3) 

3. Proposed source model 

In the following, the procedure of developing the 

proposed model is explained. This procedure is started by 

extending the sparse binary source [12]. All of the 

produced models are based on the general structure given 

in (4), i.e., they are the multiplication of independent 

random variables ὣ and ὤ [15]. 

ὢ ὣȢὤ (4) 

ὣ is a discrete random variable, while ὤ could be a 

continuous or discrete random variable. 

The models generate i.i.d. samples according to the 

random variable ὢ. Different models are created 

depending on how ὣ and ὤ are selected. In the following, 

each model and its parameters as well as its 

corresponding support set (denoted by calligraphic letters) 

are given. Table II  provides a brief review of the models.  

1.1. Model 1(Sparse binary source) 

The simplest model to represent a sparse source is the 

sparse binary source, presented in [12]. The model 

generates 0 with probability (ρ ὴ) and 1 with 

probability ὴ. The parameter ὴ is close enough to zero. 

In this case, to make the model consistent with equation 

(4), it is considered that the random variable ὤ chooses 1 

with probability 1. In other words, ὤ is a deterministic 

constant equal to 1. 

 

1.2. Model 2 (Discrete Sparse Sources- one sided) 

A discrete sparse source generates zeroes with 

probability close to 1 and generates all the other symbols 

with probability much smaller than 1. With the 

probability of occurrence of the symbol zero closer to 1, 

a more sparse source is formed. Let ὤ be a discrete source 

defined on support set ὤ  ρȟςȟȣȟὔ , with 

probabilities ὴȟὴȟȣȟὴ , and ὖὶὤ Ὥ  ὴ, for 

Ὥ ρȟςȟȣȟὔ. Also let ὣ be a Bernoulli random variable 

on support set πȟρ, so that 0Òὣ π ρ 0Òὣ
ρ ρ ὴ. Under these conditions, ὢ is considered as a 

discrete sparse source with support set … and Probability 

Mass Function (PMFX) presented in (5). 

ת πȟρȟςȟȣȟὔ ,  ὖὓὊ ρ

ὴȟὴȢὴȟὴȢ ὴȟ ȣȟ ὴȢὴ  
(5) 

1.3. Model 3 (Symmetric Discrete Sparse Source) 

Let the random variable ὣ in Model 2 is replaced by a 

random variable with support set + ρȟπȟρ  and 

probability mass function ὖὓὊ ȟ ρ ὴȟ . In that 

case, X represents the symmetric discrete sparse source 

and we have: 

ת  ὔȟȣȟςȟρȟπȟρȟςȟȣȟὔ , 

ὖὓὊ ὴȢὴȟȣȟὴȢ ὴȟὴȢὴȟρ

ὴȟὴȢὴȟὴȢ ὴȟ ȣȟ ὴȢὴ . 

1.4. Model 4 (Almost Strictly Sparse Sources) 

 in this model, non-zero samples substitute continuous 

values generated by a continuous random distribution. 

Assume that Ὢὼﬞͯ πȟ„  is a zero-mean Gaussian 

PDF with variance equal to „ . Let ת ᴙ and the PDF 

of X is given in (6).  

 

Table II . Procedure of developing proposed models from the binary sparse source to the compressible source  
Models X Y Z Example of the model 

1- Sparse Binary 

Source [12] 
ת πȟρ 

ὖὓὊ ρ ὴȟὴ 

 

+ πȟρ 

ὖὓὊ ρ ὴȟὴ 

שׁ ρ 

ὖὓὊ ρ 

 

 

2- Discrete Sparse 

Source (One-sided) 
ת πȟρȟςȟȣȟὔ  

ὖὓὊ ρ ὴȟὴȢὴȟὴȢ ὴȟ ȣȟ ὴȢὴ  

 

+ πȟρ 

ὖὓὊ ρ ὴȟὴ 

שׁ ρȟςȟȣȟὔ  

ὖὓὊ ὴȟ ὴȟ ȣȟ ὴ  

 

 

3- Symmetric 

Discrete Sparse 
Source 

ת ὔȟȣȟςȟρȟπȟρȟςȟȣȟὔ  

ὖὓὊ

ὴȢὴȟȣȟὴȢ ὴȟὴȢὴȟρ

ὴȟὴȢὴȟὴȢ ὴȟ ȣȟ ὴȢὴ  

+ ρȟπȟρ 

ὖὓὊ
ὴ

ς
ȟ ρ ὴȟ 

ὴ

ς
 

שׁ ρȟςȟȣȟὔ  

ὖὓὊ ὴȟ ὴȟ ȣȟ ὴ  

 

 

4- Almost Strictly 

Sparse Source 
ת ᴙ 

ὢͯ Ὢὼ В Ὢὼ ‘

ρ ὴ‏ὼ В Ὢὼ ‘   

 

+ ρȟπȟρ 

ὖὓὊ
ὴ

ς
ȟ ρ ὴȟ 

ὴ

ς
 

 

В ύ ὴ , Ὢὼﬞͯ πȟ „  

ὤ ͯ  ύ Ὢὼ‘ ȟ  ‘ π 

 

 

5- Non-strictly 
Sparse Source 

(Compressible 

Sources) 

ת ᴙ 

ὢͯ Ὢὼ В Ὢὼ ‘ ρ

ὴὪὼ В Ὢὼ ‘   

+ ρȟρ 

ὖὓὊ
ὴ

ς
ȟ 
ὴ

ς
 

В ύ ὴ, ύ ρ ὴ, ‘ π. 

ὤ ͯ  ύ Ὢὼ‘ ȟ  ‘ π 
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Note that В ύ  ὴȟ , ‘ π for all values of i, 

and ‏ὼ  is the Dirac delta function. Then the model 

produces small continuous non-zero values with a very 

low probability, while the probability of zero is pretty 

high. 

Ὢὼ В Ὢὼ ‘ ρ ὴ‏ὼ

В Ὢὼ ‘   
(6) 

1.5. Model 5 (Compressible Sources) 

By substituting a zero mean low variance Gaussian 

density function, Ὢὼ , instead of the Dirac delta 

function in the previous model, Zero values are replaced 

by small non-zero values. In that case, the resultant 

distribution simply represents a compressible source. 

The PDF for this source is presented in (7). As presented 

in table II and equation (7), the resultant model is a 

Gaussian mixture with a special structure, i.e. means of 

the Gaussian components are distributed symmetrically. 

each Gaussian component can represent a class for a 

different range of magnitudes. the model assigns each 

sample to a class according to its magnitude. So, this 

model is called a Multi-class Magnitude Classifying 

source model.  

Ὢὼ В Ὢὼ ‘ ρ ὴὪὼ

В Ὢὼ ‘   
(7) 

As before, we haveВ ύ  ὴȟ , ‘ π, and 

‘ π. 
4. Proposed estimation algorithm 

DCT coefficients of still images and video sequences 

are practical examples of real-world non-strictly sparse 

sources (compressible sources). The final model in 

section 2 (model 5) is an appropriate choice to represent 

these kinds of sources. The previous models are either 

unimodal as those presented in [14] or are designed to be 

a combination of zero-mean distributions just like those 

given in [12]. In fact, Model 5 is an extension of the 

earlier models that include multimodal functions which 

are not necessarily composed of zero-mean distributions. 

In order to estimate the parameters of this model, we have 

developed an estimation method by combining a simple 

clustering technique with the binary genetic algorithm 

[39]. To this purpose, ñAlgorithm 1ò is introduced first. 

ñAlgorithm 1ò presents a simple and basic approach for 

estimating the parameters of  the model (5). ñAlgorithm 

2ò is then developed based on the framework given by 

ñAlgorithm 1ò. Itôs worth mentioning that Algorithm 1 is 

called in the body of Algorithm 2.  Assuming the average 

values (‘ᴂί ) are constant, Algorithm 1 clusters the 

samples into subsets around ‘ᴂί. Then the variance and 

the weight of each cluster is calculated and a raw 

distribution is established. In Algorithm 2, each of the 

raw distributions is interpreted as a chromosome for the 

evolutionary optimization algorithm.  In fact, Algorithm 

2 is a genetic optimization algorithm that tries to evolve 

the chromosomes provided by Algorithm 1 into an elite 

chromosome with the least possible cost (a distribution 

with the least Chi-square value). 

Let the set S be a large dataset containing K DCT 

coefficients (Ὓ ὼ ), and let N = 2n+1 be the 

number of clusters, the number of Gaussian components 

in model 5, indeed. Clusters are partitions of the set  S, 

and the cluster centroids are considered to be the mean 

values of Gaussian components in model 5.  The set ᴇ 

includes all the cluster centroids, µjôs (Ὦ  ὲȟὲ
ρȟȣȟὲ). The histogram of the DCT coefficients has a 

symmetric shape. Accordingly, set ᴇ is considered as the 

collection of values with odd symmetry, i.e., ‘ ‘ , 

for Ὥ πȟρȟςȟȣȟὲ. Consequently, ὔ is considered as an 

odd integer. 

The algorithm includes two steps. In the first step, the 

clustering step, the input samples are partitioned into ὔ 

subsets. In the second step, the estimation step, a 

Gaussian distribution is assigned to each subset (cluster) 

using the maximum likelihood estimation method. The 

detailed pseudo-code is given in ñAlgorithm 1ò. 

By assigning proper values to ‘ᴂί, ñAlgorithm 1ò is 

capable of estimating the parameters of model 5. The 

resultant estimated model, provided by ñAlgorithm 1ò, is 

not necessarily optimized to have the minimum error. To 

achieve better results, some mandatory modifications are 

needed. The cluster centroids should be selected 

accurately instead of being chosen empirically. In other 

words, the members of set ᴇ must be selected in such a 

way that the least possible error is obtained. To this aim, 

an evaluation criterion is embedded in the procedure of 

selecting the cluster centroids, i.e. , the  cluster centroids 

are updated in each iteration of an evolutionary sub-

algorithm where its objective function is the chi-square 

goodness of fit [40]. The chi-square goodness of fit 

criterion is given in equation (8) where Ὧᶻ is the number 

of bins in the histogram of DCT coefficients, ὲᶻ is the 

number of DCT coefficients that belong to the bin Ὥ, and 

Ὢὼ is the estimated PDF of DCT samples. A PDF with 

a less … score is a more accurate estimate than one with 

a higher value. Since the  … score is not differentiable, 

so the derivative-free optimization algorithm embedded 

in ñAlgorithm 2ò could make a perfect choice to provide 

reliable results. In the following, the pseudo-code of the 

final modified algorithm  (ñAlgorithm 2ò) is given. 
 

…
ὲᶻ ὑȢὪὼ

ὑȢὪὼ

ᶻ

 (8) 

 

In ñAlgorithm 2ò, Ὓ is the set including ὑ input DCT 

coefficients, and  ὔ ȟὢ ȟὔ , and ὓ  are the 

parameters corresponding to the evolutionary sub-

algorithm which is actually based on the binary genetic 

algorithm introduced in [39].  ὔ  is the number of 

chromosomes in the population from generation to 

generation, ὢ  is the probability of mutation of every 

single bit, ὔ  is the number of chromosomes in the 

mating pool, and finally, ὓ  is the number of iterations. 

In the binary genetic algorithm, chromosomes are arrays 

of optimization variables and in their binary form, they 

are defined as a sequence of genes. Each gene is a 

sequence of ὔ  bits; so a chromosome in its binary 

form includes ὔ ὔ ὲ bits, where ὲ is the 

number of variables of the optimization problem. 

  



Tabriz Journal of Electrical Engineering (TJEE), vol. 51, no. 2, Summer 2021                                                                                               Serial no. 96 

174 

 

Algorithm 1  

 Initializ

e: 
Choose the number of classes ὔ ςὲ ρ 

Input: DCT coefficients Ὓ ὼ , centroids of each class ‘, Ὦ ὲȟὲ ρȟȣȟρȟπȟρȟȣȟὲ 

1: ὫὩὲὩὶὥὸὩ      ᴇ ‘ ȟȣ‘ ȟ‘ ȟπȟ‘ȟ‘ȟȣȟ‘  

 //Clustering phase: 

2: for  i = 1 to K 

3:       Find j so that Ὠ ὼ ὼ ‘ȟὭί άὭὲὭάόά Ὢέὶ Ὦ ὲȟὲ ρȟȣȟρȟπȟρȟȣȟὲ 

4:       Assign ὼ to cluster j  ὥ ὧὰόίὸὩὶ ύὭὸὬ ‘ ὥί ὸὬὩ ὧὰόίὸὩὶ ὧὩὲὸὩὶ 

5: End  

 //Estimation phase 

6: for  j = -n,-n+1,é,-1,0,1,é,n  

7:       ‘Ƕ ρȾÎ В ὼ 

 

 
8:       „ ρȾÎ  В ὼ ‘  

9:       ύ     (where ὲ Ὥί ὸὬὩ number of elements in cluster j  ) 

10: End 

Output:  ‘Ƕ, „ȟύȟ    Ὦ ὲȟὲ ρȟȣȟὲȢ 

The number of optimization variables is ὔ ςὲ ρ, 
but since the centroids ( ‘   are symmetric around 

zero and ‘ is considered to be equal to zero, then the 

actual number of independent variables is equal to n. 

Algorithm 2 

Initiali

ze: 
ὔ , ὢ , ὔ, ὔ , ὔ, ὓ  

Input:  DCT coefficients Ὓ ὼ  

 
1: ὲ , ὔ ὔ ὲ 

2: Generate population matrix ע  

3: while ὶ ὓ  

 
4:      Decode ע  to ע  

5:        for ὰɴ ρȟςȟȣȟὔ  

 
6:            if ὸὬὩ ὰὸὬ row of  ע  contains zero or it has duplicate elements  

7:                                            substitutes the lôth row with a proper one 

8:          End 

9:     End 

10:     for  ρɴ ρȟςȟȣȟὔ   

11:           Generate ᴇ ‘ȟȣȟ‘ȟ‘ȟ‘ πȟ‘ȟ‘ȟȣȟ‘ ȟύὬὩὶὩ ‘ ע  ὰȟὭ ȟὭ

ρȟςȟȣȟὲȢ 
12:           perform Algorithm 1(ᴇȟὈὅὝ ὧέὩὪὪὭὧὭὩὲὸί Ὓ ὼ ) and  produce ‘Ƕȟȟ„ȟȟύȟ 

13:          Produce Ὢὼ В ȟ Ὢȟὼ ‘ȟ ρ ὴὪὼ В ȟ Ὢȟὼ ‘  

14:    End 

15:     Compute cost function using equation (19) for all Ὢὼ 

16:     Sort the rows of  ע  according to their corresponded cost value 

17:     Crossover: Select ὔ first rows of  ע  (they are corresponded to the lowest cost values); pair them up 

produce offsprings 

 

 

18:     Mutate: randomly Select ὢ  of population matrix ע ; invert selected bits. 

 

 
19:      ὶ ὶ ρ 

 
20: End of While  

 
21: Decode the first row of  ע  to ‘ȟ‘ȟȣȟ‘  

22: Perform Algorithm 1  on Ὓ ὼ  and ᴇ ‘ ȟȣ‘ ȟ‘ ȟπȟ‘ȟ‘ȟȣȟ‘  

Output

:  
 ‘Ƕ, „ȟύ, j = -n, -n+1,é,-1,0, 1, é, n  
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ñAlgorithm 2ò starts with generating a population of 

ὔ  random potential solutions each located in a row of 

the matrix ע . Every single row of the matrix 

represents a chromosome containing n genes each 

includes ὔ  bits. The matrix  ע  is the decoded 

form of the matrix ע  and each row of 

ע  corresponds to a sequence of the optimization 

variables; i.e.  ‘ȟ‘ȟȣȟ‘ . The noticeable range of the 

DCT coefficients varies from -50 to +50; however, the 

optimization variables are considered positive and range 

from zero to 50. Although unlikely, it is always possible 

to decode a chromosome into a set of ‘ᴂί containing 

zero, or a sequence containing equal values. In general, 

such cases do not cause a disruption to the performance 

of the evolutionary sub-algorithm embedded in 

ñAlgorithm 2ò, but may cause ñAlgorithm 1ò to 

malfunction.  Since ñAlgorithm 1ò is called inside 

ñAlgorithm 2ò so zero or duplicate values can also disrupt 

the performance of ñAlgorithm 2ò so they must be 

replaced.  

After generating the matrix ע ,  each row of  

ע  is a string of ‘ᴂί. So for each row, the set ᴇ  is 

formed, and by applying ñAlgorithm 1ò to ᴇ and S, a 

PDF is created. From Equation (19), a cost value is 

calculated for the achieved PDF. Therefore, for every 

row of ע , there would be a corresponded cost 

value. In the next step, the rows of  ע  are sorted 

according to their corresponded cost values; i.e. the rows 

with lower cost appear first and the ones with greater cost 

values appear afterward. Then, the very first ὔ rows are 

selected to mate (crossover) and produce the offspring. 

To this aim, a crossover point is randomly selected 

between the first and last bits of the parentsô 

chromosomes. Crossover in its most common form 

involves two parents that produce two offspring.  The 

parents produce a total of ὔ ὔ  offspring, so the 

chromosome population goes back to ὔ .  In the next 

step, the mutation performs. A single point mutation 

changes a 1 to a 0, and vice versa. Mutation points are 

randomly selected from the ὔ ὔ  total number of 

bits in the population matrix. Mutation doesnôt occur on 

the final iteration; also, the algorithm does not perform it 

onto the best solution due to elitism. In the next iteration, 

the same procedure is performed on the new population 

and the algorithm is repeated as many times as specified 

by the parameter ὓ . After the last iteration, the first 

row of the population matrix is decoded to the final 

values of the optimization variables (‘ȟ‘ȟȣȟ‘ ). 

Having ‘ί the set ᴇ is formed. Finally, by performing 

ñAlgorithm 1ò on S and ᴇ, the parameters of model 5 are 

achieved. 

 

5. Numerical results and Discussion 

To evaluate the model, its performance in modeling 

real samples is measured. The samples are collected from 

the DCT coefficient of face images cropped from the 

well-known BioId [41] database, as well as famous video 

frames including the Hall Monitor, Football, Foreman, 

and the Carphone [42]. The parameters are set as follows.  

The number of population, ὔ  is equal to 15, the 

mutation rate is considered equal to πȢρυ, ὔ is equal to 

8, the number of clusters, ὔ, is equal to 11, the maximum 

number of iterations, ὓ , is set to 12, and finally the 

number of bits in each gene, ὔ ,  is 16. 

Fig. 3 presents the results of performing ñAlgorithm 2ò 

on DCT coefficients of the Hall Monitor frames when the 

number of classes is 11. Fig. 3(a) shows the normalized 

histogram of DCT coefficients. Fig. 3(b) illustrates the 

estimated Gaussian functions for each component. The 

sum of all components, which is actually the PDF of 

model 5, is given in Fig. 3(c). Finally, Fig. 3 (d) shows 

all figures in one picture. As seen in Fig. 3(c), the sum of 

weighted Gaussian functions could model the normalized 

histogram. Performing the algorithm on DCT 

coefficients of the other video frames, provide similar 

results. In all curves, the range of DCT coefficients is 

limited to the interval [-50, 50] just for convenience in 

illustration. 

Similarly, in Fig. 4 the parameters of model 5 are 

estimated when the samples are DCT coefficients of 

cropped face sub-images from the BioId dataset. Similar 

to Fig. 3, Fig. (4a) shows the normalized histogram of 

DCT coefficients, Fig. 4(b) illustrates the estimated 

Gaussian functions for each component, Fig. 4(c) shows 

the sum of all components that is actually the estimated 

distribution. Finally, Fig. 4(d) shows all curves on one 

plot. Similar to Fig. 3(c), in Fig. 4(c) the sum of weighted 

Gaussian functions could model a heavy-tailed 

distribution that is properly matched to the normalized 

histogram of DCT samples. 

There is a clear difference between the curves given in 

Fig. 4 and those given in Fig. 3. It is noticeable that the 

normalized histogram and estimated PDF of BioID 

samples (Fig. 4) are narrower in comparison with the 

similar curves corresponded to Hall Monitor video 

frames (Fig. 3). The main reason arises from the fact that 

video frames of the Hall Monitor contain much more 

variations and details in comparison with the sub-images 

from the BioId dataset. Consequently, the DCT 

coefficients of Hall Monitor frames include much more 

high-frequency components than those from the BioID 

dataset. In other words, the DCT components of the 

BioId images are much more centralized around zero in 

comparison with DCT components of Hall Monitor video 

frames. 

The numerical results (the estimated parameters of 

model 5) achieved by applying ñAlgorithm 2ò on DCT 

coefficients of  Hall Monitor, Football, Foreman, 

Carphone, and the BioId dataset are presented in Table 

III ï Table VII respectively. 

The chi-square goodness of fit statistics shows the 

performance of ñAlgorithm 2ò in comparison with the 

most widely used models including Laplace, Cauchy, 

generalized Gaussian (GGD), and Noisy BG 

distributions (Table VIII- Table XII). 

The PDF of Laplace distribution, Ὢὼ, is given in 

equation (9) [43]. 

 

Ὢὼ Ὡ
ȿ ȿ

      ȟЊ ὥ Њȟὦ π  (9) 

Where ὥ and ὦ are location and scale parameters, 

respectively. 
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(a) (b) 

  
(c) (d) 

Fig. 3. The results of performing ñAlgorithm 2ò on the DCT coefficients of the Hall Monitor frames to estimate the 

parameters of the model 5. (a) Normalized histogram of DCT coefficients. (b) Gaussian components. (c) Sum of the 

Gaussian components. (d) Figures (a), (b), and (c) in one plot.      

 

The PDF of the Cauchy distribution [43] is also given in 

(10). 

 

Ὢ ὼ      ȟЊ ὥ Њȟὦ π  (10) 

Where ὥ and ὦ are location and scale parameters, 

respectively. 

 

Ὢ ὼ Ὡ
ȿ ȿ

ȟЊ ὥ

Њȟὦ πȟὧ π  
(11) 

 

Finally, the PDF of the generalized Gaussian 

distribution is given in (11), where ὥ, ὦ, and ὧ are 

location, scale, and shape parameters, respectively. Also 

ɜ‡  ᷿ Ὡ ὸ Ὠὸ is the Gamma function [22]. 

Fig. 5 - Fig. 9 shows the normalized histogram of the 

DCT coefficients of the BioID database, hall monitor, 

foreman, carphone, and football video sequences and 

their corresponded estimated distributions. Table VIII - 

Table XII contains the estimated parameters of each 

distribution as well as the corresponded chi-square 

goodness of fit value. According to the chi-square 

statistic value for every set of different DCT coefficients, 

it is clear that the proposed model provides less … value 

than the other well-known distributions. The …values 

numerically show that the proposed model and the 

corresponded estimation method (ñAlgorithm 2ò) have 

provided a superb approach in modelling compressible 

sources like DCT coefficients. Fig. 5 ï Fig.9  shows the 

efficiency of the proposed method graphically. 

It is clear that when the DCT coefficients are more 

concentrated around zero the source is sparser, like the 

case of DCT coefficients of the BioID dataset as depicted 

in Fig. 5. Also according to the results presented in 

Tables VIII to XI, it is shown that the proposed model 

provides a more accurate description of the DCT 

coefficients compared to the other models especially 

when the source is sparser. It needs to be mentioned that 

even in cases that the source reflects less sparsity, the 

proposed model is still capable of providing a fit 

distribution, while the other models are not capable 

enough when they come to reflect the characteristics of 

such sources. So, it could be concluded that the proposed 

model is more flexible. The main reason for its flexibility 

comes from the fact that it has more parameters 

compared to the other models. 

 


