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Abstract 

Interference Alignment (IA) with Alamouti coding is an innovative method to increase the multiplexing gain and the 

diversity gain, simultaneously, in wireless Multiple-Input Multiple-Output (MIMO) systems. The main limitation of this 

method is requiring Perfect Channel State Information (CSI) to perform the beamforming on transmitters and receivers 

signals. Contrary to the acceptable performance of Alamouti coding in perfect CSI conditions, its efficiency is severely 

reduced in imperfect CSI conditions. In order to overcome this shortcoming, this paper discusses about the effect of 

imperfect CSI on a two user MIMO X-channel which uses interference alignment together with Alamouti coding. Also, 

a closed form solution is extracted for the received signal in an imperfect CSI scenario. Our analysis shows that when the 

variance of the CSI error is increased, the Bit Error Rate (BER) of system increases linearly. Also, we propose a joint 

Power Allocation (PA) and constellation rotation algorithm to improve the performance of system in an imperfect CSI 

scenario. Computer simulations show a desirable improvement in BER by using PA, constellation rotation and joint of 

them. 
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1. Introduction 

Interference Alignment (IA) is one of the most 

interesting issues in recent researches because of 

significant improvement in data rate of interfering 

wireless networks. In IA method, transmit signal 

subspace is managed by beamforming in transmitter and 

receiver, so that each user receives it’s desired signal in 

an independent subspace and interfering signals in a 

common subspace with a much lower dimension than 

the number of interfering signals. Hence, more 

dimensions of signal space assigned to the desired signal 

which in turn lead to more system multiplexing gain. 

In the articles [1-4] some ideal conditions is 

considered for IA such as: access to global and perfect 

channel information in both transmitter (TX) and 

receiver (RX) sides, infinite signal stream length and 

infinite Signal to Noise Ratio (SNR) in which are 

practically impossible [5]. These limitations attracted 

researcher’s attentions to solve them and some IA 

methods with finite signal stream length is proposed in 

[5,6]. Although, IA with partial CSI [7, 8] or imperfect 

CSI [9-11] is discussed and some solutions were 

proposed and even some considerable results were 

achieved in terms of Blind Interference Alignment 

(BIA) [12-14] in some special cases, however, a global 

closed form method to use IA with no CSI or imperfect 

CSI is still an open problem.  

In [15] a performance analysis of interference 

alignment (IA) over MIMO interference channels has 

been done and a closed-form expression of outage 

probability, ergodic rate and SER are derived. In [16] 

imperfect CSI on the sum-rate performance of IA 

system, in multiple-input multiple-output (MIMO) 

cellular networks is analyzed. Based on the 3GPP spatial 

channel model (SCM), they obtained the relationships 

between the sum rate loss and all factors that cause the 

imperfect CSI. A combining scheme of interference 

alignment and Alamouti codes is proposed in [17] for 

the quasistatic MIMO K×2 X-channel. They proposed 

transmission and decoding schemes that exploits the 

zero-forcing and decoupling method of two Alamouti-

codes. Performance analysis of Alamouti scheme with 

imperfect CSI for a multiple-input-single-output 

(MISO) communications system discussed in [18]. 

The use of IA to mitigate inter-cell interference of 

cellular networks under imperfect CSI conditions is 

studied in [19] based on stochastic geometry. In [20], 

interference cancellation (IC) scheme based on 

Alamouti code in the multiple access scenario is applied 

to the K-user, MIMO interference channel. In order to 

reduce the number of receive antennas, they proposed 

an IA-and Cancellation (IAC) scheme based on 
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Alamouti code. The authors in [21] designs a 

beamformer using interference alignment scheme with 

Alamouti codes ove 𝑀×2 𝑋-channels in perfect CSI. 

Unfortunately, in all mentioned papers [15-21], the 

authors do not proposed any solution to improve interference 

alignment of Alamouti codes in imperfect CSI. 

Interference cancellation scheme without feedback 

is proposed in [22] for X-channels with four antennas at 

each user based on a Space-time code with Alamouti 

structure together with multi-user interference 

mitigation by the orthogonal property of the Alamouti 

code in perfect CSI. Also, an interference alignment 

scheme based on the errors-in-variables (EIV) 

mathematic model has been proposed in [23] to 

overcome the channel state information (CSI) 

estimation error for the MIMO interference channels. 

These authors proposed an iterative algorithm weighted 

total least squares (WTLS) method for transmit 

precoding (TPC) matrices calculation which severely 

sufferers from computational complexity due to needs 

about 100 iteration. In this research, as well as the 

mentioned works, interference alignment is studied in 

MIMO X-channel because of its generality in 

communications channels. 

According to previous articles, in this paper, we 

investigate the effect of CSI imperfectness on Bit Error 

Rate (BER) of system and propose a closed form 

solution for received signal which is divided into four 

terms as: desired signal, interference signal error, 

desired signal error and noise to declare the performance 

degradation. Then, we propose Power Allocation (PA) 

and Constellation Rotation (CR) method to improve the 

system BER under imperfect CSI conditions. Finally, 

we combine these two methods as joint Power 

Allocation and Constellation Rotation (PA-CR) to 

achieve more performance improvement of system. 

The rest of the paper is organized as follows: 

problem statement and basic information is declared in 

section 2. The effect of imperfect CSI on system is 

analyzed in section 3 and some computer simulations 

are prepared to show its performance degradation. In 

section 4 and 5 we propose Power Allocation (PA) 

method and Constellation Rotation (CR) method to 

improve the system performance and show their effects 

on BER performance. Computer simulations of the 

proposed method together with the analysis of the 

results are discussed in section 5. The joint power 

allocation and constellation rotation, as PA-CR method, 

is simulated at the end of section 5 to achieve better 

performance. Finally, we conclude our results in section 

6.  

Notation: We use lowercase alphabet for definition 

of scalar values, bold lowercase for vectors and 

uppercase for matrixes. Likewise,  𝐴𝑡, 𝐴∗, 𝐴H and ||A|| 

denote transpose, conjugate, hermitian  and Frobenius 

norm of matrix 𝐴. Also, E(.) denotes Expectation 

operation and vec(x) is a vectorized form of vector x. 

 

2. Problem Statement 

Consider an X-channel which has two double-

antennas at transmitter and two double-antennas at 

receiver. The ith transmitter sends independent messages 

to the jth receiver in time slot (𝑘) which is shown by 𝑠𝑖𝑗
𝑘 . 

As it is shown in figure (1), the channel coefficients 

matrix is broken to H, A, G and B which are channel 

coefficient matrix from transmitter 1 to receiver 1, 

transmitter 1 to receiver 2, transmitter 2 to receiver 1 and 

transmitter 2 to receiver 2, respectively which their 

components assumed to be independent and identical 

distribution (i.i.d.) of Complex Normal distribution as 

𝒞𝒩(0,1). Also, we assume that the channel coefficients 

are constant during the transmission. Each transmitter 

knows only it’s own channel information to both 

receivers and encodes messages in Alamouti structure 

and sends block matrix 𝑋𝑖 in two time slots. Thus, each 

user receives signal in the following form: 

𝑌1 = 𝑋1𝐻 + 𝑋2𝐺 + 𝑊1 
(1) 

𝑌2 = 𝑋1𝐴 + 𝑋2𝐵 + 𝑊2 (2) 

where 𝑋1 and 𝑋2 are defined in (3), (4) and 𝑊𝑗    for 

𝑗 = 1,2 is unit variance zero mean additive white 

Gaussian noise (AWGN) in the 𝑗th double-antennas 

receiver.  

A method is proposed in [8] which combine IA and 

Alamouti coding in X-channel to attain maximum 

achievable multiplexing gain of 
8

3
 [4], and maximum 

diversity gain, which is 2 for Alamouti coding, without 

loss of multiplexing gain. In this section, we briefly 

explain this method and then develop their analysis in 

the next section. 

 
Fig. 1. System model of X- Channel 

 

Each transmitter sends two symbols to each receiver 

in a three timeslot which is formed as follows[8]: 

𝑋1 = √
3𝑃

2
([

𝑠11
1 𝑠11

2

−𝑠11
2∗ 𝑠11

1∗

0 0

] 𝑉11 + [

0 0
−𝑠12

2∗ 𝑠12
1

𝑠12
1 𝑠12

2
] 𝑉12) 

 

(3) 

𝑋2 = √
3𝑃

2
([

𝑠21
1 𝑠21

2

−𝑠21
2∗ 𝑠21

1∗

0 0

]𝑉11 + [

0 0
−𝑠22

2∗ 𝑠22
1

𝑠22
1 𝑠22

2
] 𝑉12)     

 

(4) 

 
where 𝑉𝑖𝑗 is 2 × 2 beamforming matrix from 

transmitter 𝑖 to receiver 𝑗, and 𝑃 is the transmit power. 

These matrices are formed to align 2nd receiver’s desired 

signals in first receiver and occupy one dimension of 

signal space. Similarly, first receiver’s desired signals is 

aligned in one dimension in second receiver. These 

beamforming matrices are generated from CSI as 

following [8]: 

𝑉11 =
𝐴−1

‖𝐴−1‖
  ,  𝑉12 =

𝐻−1

‖𝐻−1‖
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𝑉21 =
𝐵−1

‖𝐵−1‖
          , 𝑉22 =

𝐺−1

‖𝐺−1‖
     

(5) 

The above coefficient terms satisfy the unity 

condition as (𝑉𝑖𝑗𝑉𝑖𝑗
∗) = 1 . Thus, the SNR remains 

constant. Setting equations (3), (4) and (5) in (1) and (2) 

yields [8]: 

𝑌1 = √
3𝑃

2
[

𝑠11
1 𝑠11

2

−𝑠11
2∗ 𝑠11

1∗

0 0

] 𝑉11𝐻 +

          √
3𝑃

2
[

𝑠21
1 𝑠21

2

−𝑠21
2∗ 𝑠21

1∗

0 0

]𝑉21𝐺 +

          √
3𝑃

2
[

0 0
−𝑎𝑠12

2∗−𝑏𝑠22
2∗ 𝑎𝑠12

1∗+𝑏𝑠22
1∗

𝑎𝑠12
1 +𝑏𝑠22

1 𝑎𝑠12
2 +𝑏𝑠22

2
] + 𝑊1  

 

𝑌2 = √
3𝑃

2
[

0 0
−𝑠12

2∗ 𝑠12
1∗

𝑠12
1 𝑠12

2
] 𝑉12𝐴

+ √
3𝑃

2
[

0 0
−𝑠22

2∗ 𝑠22
1∗

𝑠22
1 𝑠22

2
] 𝑉22𝐵

+          √
3𝑃

2
[

𝑐𝑠11
1 +𝑑𝑠21

1 𝑐𝑠11
2 +𝑑𝑠21

2

−𝑐𝑠11
2∗−𝑑𝑠21

2∗ 𝑐𝑠11
1∗+𝑑𝑠21

1∗

0 0

] + 𝑊2        

(6) 

 

 

 

 

 

 

 

where =
√2

‖𝐻−1‖
 , 𝑏 =

√2

‖𝐺−1‖
 , 𝑐 =

√2

‖𝐴−1‖
 , 𝑑 =

√2

‖𝐵−1‖
 

and 𝑊𝑖 are AWGN with zero mean and unit variance 

(i.e. 𝒞𝒩(0,1) ). It can be observed that 𝑠12
𝑘  and 𝑠22

𝑘  in 

first and consequently 𝑠21
𝑘  and 𝑠11

𝑘  in second receivers 

are aligned. So, each receiver can decode its desired 

signals in independent dimensions and interference is 

collected in a common dimension. In this method, each 

transmitter must have access to its own channel 

information perfectly to beamform transmitted signals 

and there is no need to global CSI in all nodes. However, 

CSI perfectness is still an important limitation in this 

method. In the next section, we analyze the effect of this 

limitation and try to find a closed form solution for 

receiver error. 

To simplify notation, assume 𝐻 = 𝑉11𝐻, 𝐺̃ = 𝑉21𝐺 , 

𝐴̃ = 𝑉12𝐴 and 𝐵̃ = 𝑉22𝐵. 

 

3. Performance Analysis with imperfect CSI  

Assume that the channel estimator is imperfect and 

the real (or perfect) channel coefficients are modeled as 

following normalized form [15]: 

 

𝐻 = (√1 − 𝜌2)𝐻 + 𝜌(∆𝐻) 

𝐴̅ = (√1 − 𝜌2) 𝐴 + 𝜌(∆𝐴) 

𝐺̅ = (√1 − 𝜌2) 𝐺 + 𝜌(∆𝐺) 

𝐵̅ = (√1 − 𝜌2)𝐵 + 𝜌(∆𝐵) 

 

 

 

 

 

(7) 

where 𝜌2 is the estimator’s error variance. The 

matrices ∆𝐻, ∆𝐴, ∆𝐺 and ∆𝐵 are estimation error of 

𝐻,𝐴,𝐺 and 𝐵 ,respectively, which have a distribution  as 

𝒞𝒩(0,1). To reduce complexity of notation we consider 

the estimated channel coefficients as 𝐻,𝐴,𝐺 and 𝐵 and 

perfect channel coefficient as 𝐻,𝐴̅,𝐺̅ and 𝐵̅. The 

imperfect channel estimation causes beamforming error 

at the transmitter and Alamouti decoding error at the 

receiver side as we discuss in the sequel. 

 

3.1. The effect of channel error on Transmitted signal 

With the assumption of channel estimation error 

similar to (7), the imperfect CSI in beamforming 

equation (6) can be expressed as: 

𝑌′1 = √
3𝑃

2
([

𝑠11
1 𝑠11

2

−𝑠11
2∗ 𝑠11

1∗

0 0

]
𝐴−1

‖𝐴−1‖
. ((√1 − 𝜌2)𝐻 +

       𝜌∆𝐻) + [
𝑠21
1 𝑠21

2

−𝑠21
2∗ 𝑠21

1∗

0 0

]
𝐵−1

‖𝐵−1‖
. ((√1 − 𝜌2)𝐺 +

      𝜌∆𝐺) + [

0 0
−𝑠12

2∗ 𝑠12
1∗

𝑠12
1 𝑠12

2
]

𝐻−1

‖𝐻−1‖
. ((√1 − 𝜌2)𝐻 +

       𝜌∆𝐻) + [

0 0
−𝑠22

2∗ 𝑠22
1∗

𝑠22
1 𝑠22

2
]

𝐺−1

‖𝐺−1‖
. ((√1 − 𝜌2)𝐺 +

       𝜌∆𝐺)) + 𝑊′1  

 

 

 

 

(8) 

Note that, the received signal for the second receiver 

is similar to the first one. For simplicity of notation 

assume  𝐻′ = (√1 − 𝜌2)𝐻 and ∆𝐻′ = 𝜌(∆𝐻). Thus, 

equation (8) can be rearranged to separate the effect of 

CSI imperfectness as: 

𝑌1
′ = (√1 − 𝜌2)Y1 +

  √
3𝑃𝜌2

2
([

𝑠11
1 𝑠11

2

−𝑠11
2∗ 𝑠11

1∗

0 0

]
𝐴−1

‖𝐴−1‖
. ∆𝐻 +

[
𝑠21
1 𝑠21

2

−𝑠21
2∗ 𝑠21

1∗

0 0

]
𝐵−1

‖𝐵−1‖
. ∆𝐺 +

[

0 0
−𝑠12

2∗ 𝑠12
1∗

𝑠12
1 𝑠12

2
]

𝐻−1

‖𝐻−1‖
. ∆𝐻 +

[

0 0
−𝑠22

2∗ 𝑠22
1∗

𝑠22
1 𝑠22

2
]

𝐺−1

‖𝐺−1‖
. ∆𝐺) + W′1  

 

 

 

 

 

(9) 

To rearrange the equation with respect to message 

signals, conjugating the second timeslot of the received 

data and reshaping it yields equation (10) where for 

simplicity of notation we defined: 

The equation (10) shows the beamforming error in 

an imperfect CSI. In relation (10),  𝑦𝑖𝑗  is transpose of 𝑖th 

row of 𝑌′𝑖  and 𝑤̃1 = 𝑣𝑒𝑐([𝑤′
11 𝑤′

12
∗

𝑤′
13]

𝑇) and  

ℎ̃𝑖𝑗 , 𝑔̃𝑖𝑗 are entries of 𝐻 and 𝐺̃ which declared in (6) and 

𝛿ℎ̂𝑖𝑗, 𝛿𝑔̂𝑖𝑗, 𝛿ℎ̃𝑖𝑗 and 𝛿𝑔̃𝑖𝑗 are the entries of defined 

matrices in (11). 

 

The first term of (10) represents the perfect CSI 

signals which declared in section 2 and the second term 

denotes the error signal produced by imperfect CSI. 
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Thus the perfect CSI signals and imperfect CSI effect on 

system are separated from each other in the receiver 

side.  

 

𝑦̃1 = vec [

𝑦11

𝑦12
∗

𝑦13

] = √
3𝑃(1 − 𝜌2)

2

[
 
 
 
 
 
 
ℎ̃11 ℎ̃21 𝑔̃11 𝑔̃21 0 0 0 0

ℎ̃21
∗ −ℎ̃11

∗ 𝑔̃21
∗ −𝑔̃11

∗ 0 0 −𝑎 −𝑏
0 0 0 0 𝑎 𝑏 0 0

ℎ̃12 ℎ̃22 𝑔̃12 𝑔̃22 0 0 0 0

ℎ̃22
∗ −ℎ̃12

∗ 𝑔̃22
∗ 𝑔̃12

∗ 𝑎 𝑏 0 0
0 0 0 0 0 0 𝑎 𝑏 ]

 
 
 
 
 
 

[
 
 
 
 
 
 
 
 
𝑠11
1

𝑠11
2

𝑠21
1

𝑠21
2

𝑠12
1

𝑠12
2

𝑠22
1

𝑠22
2 ]

 
 
 
 
 
 
 
 

+ 

           √
3𝑃𝜌2

2

[
 
 
 
 
 
 
𝛿ℎ̂11 𝛿ℎ̂21 𝛿𝑔̂11 𝛿𝑔̂21 0 0 0 0

𝛿ℎ̂21
∗ −𝛿ℎ̂11

∗ 𝛿𝑔̂21
∗ −𝛿𝑔̂11

∗ 𝛿ℎ̃21
∗ −𝛿ℎ̃11

∗ 𝛿𝑔̃21
∗ −𝛿𝑔̃11

∗

0 0 0 0 𝛿ℎ̃11 𝛿ℎ̃21 𝛿𝑔̃11 𝛿𝑔̃21

𝛿ℎ̂12 𝛿ℎ̂22 𝛿𝑔̂12 𝛿𝑔̂22 0 0 0 0

𝛿ℎ̂22
∗ −𝛿ℎ̂12

∗ 𝛿𝑔̂22
∗ −𝛿𝑔̂12

∗ 𝛿ℎ̃22
∗ −𝛿ℎ̃12

∗ 𝛿𝑔̃22
∗ −𝛿𝑔̃12

∗

0 0 0 0 𝛿ℎ̃12 𝛿ℎ̃22 𝛿𝑔̃12 𝛿𝑔̃22 ]
 
 
 
 
 
 

[
 
 
 
 
 
 
 
 
𝑠11
1

𝑠11
2

𝑠21
1

𝑠21
2

𝑠12
1

𝑠12
2

𝑠22
1

𝑠22
2 ]

 
 
 
 
 
 
 
 

+ 𝑤̃1 

 

 

 

 

 

 

 

 

 

 

 

(10) 

 

 

∆𝐻̂ =  
𝐴−1

‖𝐴−1‖
. ∆𝐻 ,   ∆𝐻 = 

𝐻−1

‖𝐻−1‖
. ∆𝐻  

∆𝐺̂ =  
𝐵−1

‖𝐵−1‖
. ∆𝐺 ,   ∆𝐺̃ =  

𝐺−1

‖𝐺−1‖
. ∆𝐺     

(11) 

3.2. Receiver Error 

In the imperfect CSI scenario, the receiver is needed 

to do two main processes: in the first step interference 

should be suppressed and in the second step Alamouti 

decoding should be utilized. We explain these processes 

in the next two steps: 

 

Step 1. Interference Suppression 

Receivers can use timeslots with no desired signal 

(3, 6 for receiver 1 in equation 10 and 1, 4 for receiver 2 

in the similar equation for 𝑦̃2 ) to cancel the interference 

in other timeslots which include desired signal. Here, for 

simplicity, we only consider the first receiver. There are 

similar equations for the second receiver. Define the 

variables 𝑦̂1 and 𝑦̂2 as: 

𝑦̂1 = [𝑦̃11 𝑦̃12 + 𝑦̃16]
𝑇 

 𝑦̂2 = [𝑦̃14 𝑦̃15 − 𝑦̃13]
𝑇  (12) 

𝑤̂1 = [𝑤̃11 𝑤̃12 + 𝑤̃16]
𝑇 

𝑤̂2 = [𝑤̃14 𝑤̃15 − 𝑤̃13]
𝑇 

 

 

where 𝑦̃𝑖𝑗 are jth row of matrice 𝑦̃𝑖. By substituting 

the appropriate terms of (10) in (12) we have the relation 

(13). The first term of (13) denotes the desired signal for 

receiver 1 with the assumption of perfect CSI while the 

second term denotes the error of received signal caused 

by imperfect CSI at the receiver, and the third term is 

stands for remained interfering signal caused by 

imperfect CSI at the transmitter and consequently 

imperfect beamforming. As it is shown in (13), the 

imperfect CSI error is separated from desired signal and 

is divided into two separate terms. However, there is no 

multiplicative or exponential error term. Thus, the 

transmission error, caused by imperfect CSI, has a linear 

form at receiver.  

 

Step 2. Alamouti Decoding 

To decode the Alamouti coded signal at the receiver 

side, for the first step, we should distinguish the desired 

signals of the first transmitter from the second ones. To 

declare all received signals, equation (13) can be 

rearranged as follows: 

  

                               

 
 

 

 

 

 

 

 

 

 

 

 
 

Perfect CSI 

Imperfect CSI 

Coefficients 

∆𝐻̂1 Desired 

Signal 
Desired signal Error 
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[
𝒚̂𝟏

𝒚̂𝟐
] = √

𝟑𝑷(1−𝜌2)

𝟐

(

 
 

[
 
 
 
 
ℎ̃11 ℎ̃21

ℎ̃21
∗ −ℎ̃11

∗

ℎ̃12 ℎ̃22

ℎ̃22
∗ −ℎ̃12

∗ ]
 
 
 
 

[
𝑠11
1

𝑠11
2 ] + [

𝑔̃11 𝑔̃21

𝑔̃21
∗ −𝑔̃11

∗

𝑔̃12 𝑔̃22

𝑔̃22
∗ −𝑔̃12

∗

] [
𝑠21
1

𝑠21
2 ]

)

 
 

 + √
𝟑𝑷𝜌2

𝟐

(

 
 

[
 
 
 
 
𝛿ℎ̂11 𝛿ℎ̂21

𝛿ℎ̂21
∗ −𝛿ℎ̂11

∗

𝛿ℎ̂12 𝛿ℎ̂22

𝛿ℎ̂22
∗ −𝛿ℎ̂12

∗ ]
 
 
 
 

[
𝑠11
1

𝑠11
2 ] +

              [

𝛿𝑔̂11 𝛿𝑔̂21

𝛿𝑔̂21
∗ −𝛿𝑔̂11

∗

𝛿𝑔̂12 𝛿𝑔̂22

𝛿𝑔̂22
∗ −𝛿𝑔̂12

∗

] [
𝑠21
1

𝑠21
2 ] + [

0 0
𝛿ℎ̃21

∗ + 𝛿ℎ̃12 −𝛿ℎ̃11
∗ + 𝛿ℎ̃22

0 0
𝛿ℎ̃22

∗ − 𝛿ℎ̃11 −𝛿ℎ̃12
∗ − 𝛿ℎ̃21

] [
𝑠12
1

𝑠12
2 ] +

              [

0 0
𝛿𝑔̃21

∗ + 𝛿𝑔̃12 −𝛿𝑔̃11
∗ + 𝛿𝑔̃22

0 0
𝛿𝑔̃22

∗ − 𝛿𝑔̃11 −𝛿𝑔̃12
∗ − 𝛿𝑔̃21

] [
𝑠22
1

𝑠22
2 ]

)

 
 

+ [
𝒘̂𝟏

𝒘̂𝟐
]  

 

(13)  

 

 

 

[
𝒚̂𝟏

𝒚̂𝟐
]

= √
3𝑃(1 − 𝜌2)

2
([

𝐻̂1

𝐻̂2

] [
𝑠11
1

𝑠11
2 ] + [

𝐺̂1

𝐺̂2

] [
𝑠21
1

𝑠21
2 ])

+ √
3𝑃𝜌2

2
([

∆𝐻̂1

∆𝐻̂2

] [
𝑠11
1

𝑠11
2 ] + [

∆𝐺̂1

∆𝐺̂2

] [
𝑠21
1

𝑠21
2 ]

+ [
∆𝐻̃1

∆𝐻̃2

] [
𝑠12
1

𝑠12
2 ] + [

∆𝐺̃1

∆𝐺̃2

] [
𝑠22
1

𝑠22
2 ]) + [

𝒘̂𝟏

𝒘̂𝟐
] 

 

 

 

(14) 

where 𝐻̂𝑖, 𝐺̂𝑖, ∆𝐻̂𝑖 and ∆𝐺̂𝑖 ,as well as shown in (13), 

are 

   𝐻̂𝑖 = [
ℎ̃1𝑖 ℎ̃1𝑖

ℎ̃2𝑖
∗ −ℎ̃1𝑖

∗
],   𝐺̂𝑖 = [

𝑔̃1𝑖 𝑔̃1𝑖

𝑔̃2𝑖
∗ −𝑔̃1𝑖

∗ ] 
 

∆𝐻̂𝑖 = [
𝛿ℎ̂1𝑖 𝛿ℎ̂2𝑖

𝛿ℎ̂2𝑖
∗ 𝛿ℎ̂1𝑖

∗
] ,∆𝐺̂𝑖 = [

𝛿𝑔̂1𝑖 𝛿𝑔̂2𝑖

𝛿𝑔̂2𝑖
∗ 𝛿𝑔̂1𝑖

∗ ]    
(15) 

Since CSI is imperfect in the receiver, the decoding 

matrix is generated as 

𝐺̃ = 𝑉21𝐺      ,        𝐻 = 𝑉11𝐻 
(16) 

Now 𝐻̂𝑖 and 𝐺̂𝑖 can be obtained from 𝐻, 𝐺̃ at the 

receiver by (16). We express the process for decoding of 

desired messages from first transmitter to the first 

receiver. The desired signal of the second transmitte

                             

 

 

𝑮̂𝟏
𝑯𝒚̂𝟏

‖𝑮̂𝟏‖
𝟐
−

𝑮̂𝟐
𝑯𝒚̂𝟐

‖𝑮̂𝟐‖
𝟐

= ([
𝑮̂𝟏

𝑯

‖𝑮̂𝟏‖
𝟐 −

𝑮̂𝟐
𝑯

‖𝑮̂𝟐‖
𝟐 ] [

𝒚̂𝟏

𝒚̂𝟐
]) = √

3𝑃(1 − 𝜌2)

2
([

𝑮̂𝟏
𝑯

‖𝑮̂𝟏‖
𝟐 −

𝑮̂𝟐
𝑯

‖𝑮̂𝟐‖
𝟐 ] [

𝑯̂𝟏

𝑯̂𝟐

] [
𝑠11
1

𝑠11
2 ]) + 

                            √
3𝑃𝜌2

2
([

𝑮̂𝟏
𝑯

‖𝑮̂𝟏‖
𝟐 −

𝑮̂𝟐
𝑯

‖𝑮̂𝟐‖
𝟐 ] [

∆𝑯̂𝟏

∆𝑯̂𝟐

] [
𝑠11
1

𝑠11
2 ] + [

𝑮̂𝟏
𝑯

‖𝑮̂𝟏‖
𝟐 −

𝑮̂𝟐
𝑯

‖𝑮̂𝟐‖
𝟐 ] [

∆𝑮̂𝟏

∆𝑮̂𝟐

] [
𝑠21
1

𝑠21
2 ] +

                              [
𝑮̂𝟏

𝑯

‖𝑮̂𝟏‖
𝟐 −

𝑮̂𝟐
𝑯

‖𝑮̂𝟐‖
𝟐 ] [

∆𝑯̃𝟏

∆𝑯̃𝟐

] [
𝑠12
1

𝑠12
2 ] + [

𝑮̂𝟏
𝑯

‖𝑮̂𝟏‖
𝟐 −

𝑮̂𝟐
𝑯

‖𝑮̂𝟐‖
𝟐 ] [

∆𝑮̃𝟏

∆𝑮̃𝟐

] [
𝑠22
1

𝑠22
2 ]) + [

𝑮̂𝟏
𝑯

‖𝑮̂𝟏‖
𝟐 −

𝑮̂𝟐
𝑯

‖𝑮̂𝟐‖
𝟐 ] [

𝒘̂𝟏

𝒘̂𝟐
]  

 

 

 

 

(17) 

 

can be obtained similarly. To distinguish the desired 

signals from the first transmitter, we calculate equation 

(17). 

Defining 𝐲̂ =
𝐆̂𝟏

𝐇𝐲̂𝟏

‖𝐆̂𝟏‖
𝟐 −

𝐆̂𝟐
𝐇𝐲̂𝟐

‖𝐆̂𝟐‖
𝟐 , 𝑮̂

𝑯 = [
𝑮̂𝟏

𝑯

‖𝑮̂𝟏‖
𝟐 −

𝑮̂𝟐
𝑯

‖𝑮̂𝟐‖
𝟐 ]  

and 𝑯̂ = [
𝑯̂𝟏

𝑯̂𝟐

] , we can simplify the expression as: 

𝒚̂ = √
3𝑃(1 − 𝜌2)

2
(𝑮̂𝑯𝑯̂ [

𝑠11
1

𝑠11
2 ]) +  

      √
3𝑃𝜌2

2
(𝑮̂𝑯 [

∆𝑯̂𝟏

∆𝑯̂𝟐

] [
𝑠11
1

𝑠11
2 ] + 𝑮̂𝑯 [

∆𝑮̂𝟏

∆𝑮̂𝟐

] [
𝑠21
1

𝑠21
2 ] +

      𝑮̂𝑯  [
∆𝑯̃𝟏

∆𝑯̃𝟐

] [
𝑠12
1

𝑠12
2 ] + 𝑮̂𝑯 [

∆𝑮̃𝟏

∆𝑮̃𝟐

] [
𝑠22
1

𝑠22
2 ]) + 𝑮̂𝑯 [

𝒘̂𝟏

𝒘̂𝟐
]  

 

 

 

 

 

 

(18) 

Now, the signal can be decoded by Alamouti 

decoder as follows: 

𝒔̂ = 𝑯̂𝑯𝑮 ̂𝒚̂ =

        √
3𝑃(1−𝜌2)

2
(𝑯̂𝑯𝑮 ̂𝑮̂𝑯𝑯̂ [

𝑠11
1

𝑠11
2 ]) +

        √
3𝑃𝜌2

2
𝑯̂𝑯𝑮 ̂ (𝑮̂𝑯 [

∆𝑯̂𝟏

∆𝑯̂𝟐

] [
𝑠11
1

𝑠11
2 ] +

         𝑮̂𝑯 [
∆𝑮̂𝟏

∆𝑮̂𝟐

] [
𝑠21
1

𝑠21
2 ] + 𝑮̂𝑯  [

∆𝑯̃𝟏

∆𝑯̃𝟐

] [
𝑠12
1

𝑠12
2 ] +

         𝑮̂𝑯 [
∆𝑮̃𝟏

∆𝑮̃𝟐

] [
𝑠22
1

𝑠22
2 ]) + 𝑯̂𝑯𝑮 ̂𝑮̂𝑯 [

𝒘̂𝟏

𝒘̂𝟐
]  

 

 

 

 

 

 

 

(19) 

 

 

 

where 𝒔̂  is the decoded signal vector. Now we can 

detect the transmitted signal with a Maximum 

Likelihood (ML) detector as:  

𝑠11
𝑘 = 𝑎𝑟𝑔 𝑚𝑎𝑥

𝑠 
𝑠̂𝑘 . 𝑠  ;    𝑘 = 1,2 (20) 

𝐻̂1 
∆𝐻̂1 

𝐻̂ 𝒚̂ 
𝐺̂H 

𝐻̂ 

Interfering 

signal Error 
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where ŝk is the kth component of  𝒔̂ .The symbol 𝑠12
𝑘  

can be detected similarly. 

 The first term of the left side of (19) is the desired 

signal from the first transmitter to the first receiver, 

which decodes 𝑠11
1 , 𝑠11

2  while the other terms caused by 

imperfect CSI. The Second and third term are distorted 

copies of desired signal from first and second 

transmitter, fourth and fifth term are misaligned 

interference.  

Thus, terms 2 to 5 of (19) will operate as noise and 

cause SINR reduction and increase the BER of system. 

The increase of BER growth linearly related to CSI error 

covariance because of multiplication of channel 

coefficient matrices to error matrices. Since error entries 

are i.i.d., the covariance matrix is identical to CSI error 

variance. Thus, benefit the Alamouti coding together 

with the IA is feasible under the imperfect CSI scenario, 

but performance of system will decrease linearly by 

increasing the CSI error variance.  

 According to (19), the received SINR at detector of 

receiver, which is declared in (20), can be calculated as 

(21): 

 

𝑆𝐼𝑁𝑅 =
3𝑃(1−𝜌2)

2
  𝑇𝑟(𝑯̂𝐇𝑮 ̂𝑮̂𝐇𝑯̂)

3𝑃𝜌2

2
 𝑇𝑟( 𝑯̂𝐇𝑮 ̂(𝑮̂𝐇([

∆𝑯̂𝟏

∆𝑯̂𝟐
]+[

∆𝑮̂𝟏

∆𝑮̂𝟐
]+ [

∆𝑯̃𝟏

∆𝑯̃𝟐
]+[

∆𝑮̃𝟏

∆𝑮̃𝟐
])))+𝑇𝑟(𝑯̂𝐇𝑮 ̂𝑮̂𝐇[

𝒘̂𝟏

𝒘̂𝟐
])

  

 (21) 

where 𝑇𝑟(. ) stands for Trace operator. As it is 

shown in (21), increment in transmit power will increase 

residual interference and distorted signal at the 

denominator of SINR equation. The received SINR, in 

high SNR regime, can be calculated as: 

lim
𝑃→∞

𝑆𝐼𝑁𝑅 ≅
(1−𝜌2)  𝑇𝑟(𝑯̂𝐇𝑮 ̂𝑮̂𝐇𝑯̂)

𝜌2 𝑇𝑟( 𝑯̂𝐇𝑮 ̂(𝑮̂𝐇([
∆𝑯̂𝟏

∆𝑯̂𝟐
]+[

∆𝑮̂𝟏

∆𝑮̂𝟐
]+ [

∆𝑯̃𝟏

∆𝑯̃𝟐
]+[

∆𝑮̃𝟏

∆𝑮̃𝟐
])))

  

          (22) 

Thus, the SINR is proportional to 
(1−𝜌2)

𝜌2  at high SNR 

regime and the effect of imperfect CSI will increase with 

SNR. Note that the SINR value in high SNR region is 

not related to 𝑃. Computer simulations will clarify this 

result. 

 

4. System performance improvement with Power 

Allocation  

Power Allocation (PA) is a simple way in MIMO 

systems to increase the system performance during the 

channel coefficients variations. Thus, we can use PA 

between two TX antennas of each transmitter and 

improve the received signal BER at the receiver side. By 

defining √𝑥1 = 𝑝1,  √1 − 𝑥1 = 𝑝2, √𝑥2 = 𝑝3  and 

√1 − 𝑥2 = 𝑝4 , we rearrange (3) , (4) as : 

 

X1
𝑝

= √
3𝑃

1
([

𝑠11
1 𝑠11

2

−𝑠11
2∗ 𝑠11

1∗

0 0

] [
𝑝1 0
0 𝑝2

] 𝑽𝟏𝟏 +

           [

0 0
−𝑠12

2∗ 𝑠12
1

𝑠12
1 𝑠12

2
] [

𝑝1 0
0 𝑝2

] 𝑽12)  

X1
𝑝

= √
3𝑃

1
([

𝑠11
1 𝑠11

2

−𝑠11
2∗ 𝑠11

1∗

0 0

] [
𝑝1 0
0 𝑝2

] 𝑽𝟏𝟏 +

           [

0 0
−𝑠12

2∗ 𝑠12
1

𝑠12
1 𝑠12

2
] [

𝑝1 0
0 𝑝2

] 𝑽12)  

 

 

 

 

 

(23) 

Replacing 𝑋1
𝑝
 and 𝑋2

𝑝
 in (6) and rewriting equations 

(7) to (12), equation (13) can be expressed as (24).  

As it is shown in (24), to suppress interference terms 

from received signal (term 2, 3 of equation (24)) we 

should consider two following conditions: 

 Power allocation ratio for both transmitters should 

be identical, i.e.  𝑝1 = 𝑝3  and 𝑝2 = 𝑝4. 

 Receivers should know power allocation values, i.e. 

𝑝1, 𝑝2, 𝑝3 and 𝑝4. 

 

[
𝒚̂𝟏

𝒚̂𝟐
] = √

3𝑃(1−𝜌2)

1

(

 
 

[
 
 
 
 
𝑝1ℎ̃11 𝑝2ℎ̃21

𝑝2ℎ̃21
∗ −𝑝1ℎ̃11

∗

𝑝1ℎ̃12 𝑝2ℎ̃22

𝑝2ℎ̃22
∗ −𝑝1ℎ̃12

∗ ]
 
 
 
 

[
𝑠11
1

𝑠11
2 ] +

[

𝑝3𝑔̃11 𝑝4𝑔̃21

𝑝4𝑔̃21
∗ −𝑝3𝑔̃11

∗

𝑝3𝑔̃12 𝑝4𝑔̃22

𝑝4𝑔̃22
∗ −𝑝3𝑔̃12

∗

] [
𝑠21
1

𝑠21
2 ] +

[

0 0
𝑎(𝑝2 − 𝑝1) 𝑏(𝑝4 − 𝑝3)

0 0
0 0

] [
𝑠12

2  

𝑠22
2 ] +

              [

0 0
0 0
0 0

𝑎(𝑝2 − 𝑝1) 𝑏(𝑝4 − 𝑝3)

] [
𝑠12
1  

𝑠22
1 ]

)

 
 

 +

√
3𝑃𝜌2

2

(

 
 

[
 
 
 
 
𝑝1𝛿ℎ̂11 𝑝2𝛿ℎ̂21

𝑝2𝛿ℎ̂21
∗ −𝑝1𝛿ℎ̂11

∗

𝑝1𝛿ℎ̂12 𝑝2𝛿ℎ̂22

𝑝2𝛿ℎ̂22
∗ −𝑝1𝛿ℎ̂12

∗ ]
 
 
 
 

[
𝑠11
1

𝑠11
2 ] +

 [

𝑝3𝛿𝑔̂11 𝑝4𝛿𝑔̂21

𝑝4𝛿𝑔̂21
∗ −𝑝3𝛿𝑔̂11

∗

𝑝3𝛿𝑔̂12 𝑝4𝛿𝑔̂22

𝑝4𝛿𝑔̂22
∗ −𝑝3𝛿𝑔̂12

∗

] [
𝑠21
1

𝑠21
2 ] +

             [

0 0
𝑝2𝛿ℎ̃21

∗ + 𝑝1𝛿ℎ̃12 −𝑝1𝛿ℎ̃11
∗ + 𝑝2𝛿ℎ̃22

0 0
𝑝2𝛿ℎ̃22

∗ − 𝑝1𝛿ℎ̃11 −𝑝1𝛿ℎ̃12
∗ − 𝑝2𝛿ℎ̃21

] [
𝑠12
1

𝑠12
2 ] +

[

0 0
𝑝4𝛿𝑔̃21

∗ + 𝑝3𝛿𝑔̃12 −𝑝3𝛿𝑔̃11
∗ + 𝑝4𝛿𝑔̃22

0 0
𝑝4𝛿𝑔̃22

∗ − 𝑝3𝛿𝑔̃11 −𝑝3𝛿𝑔̃12
∗ − 𝑝4𝛿𝑔̃21

] [
𝑠22
1

𝑠22
2 ]

)

 
 

+

[
𝒘̂𝟏

𝒘̂𝟐
]  



Tabriz Journal of Electrical Engineering (TJEE), vol. 51, no. 2, Summer 2021                                                                                                Serial no. 96 

 

249 

 

 (24

) 

 

 

Thus we can replace (12) with its corresponding 

values as, 

𝒚̂𝟏 =  [𝑦̃11 𝑦̃12 +
𝑝1

𝑝2
𝑦̃16]

𝑇

 
 

𝒚̂𝟐 = [𝑦̃14 𝑦̃15 −
𝑝2

𝑝1
𝑦̃13]

𝑇

 
 

𝒘̂𝟏 = [𝑤̃11 𝑤̃12 +
𝑝1

𝑝2
𝑤̃16]

𝑇

 
 

𝒘̂𝟐 = [𝑤̃14 𝑤̃15 −
𝑝2

𝑝1
𝑤̃13]

𝑇

 
(25) 

Now, (24) can be simplified as (26). 

Thus, the resulted SINR with PA can be calculated 

as (27) where 𝐻̂𝑝 , 𝐺̂𝑝, 𝐻̂𝑖
𝑝
, 𝐺̂𝑖

𝑝
 , ∆𝐻̂𝑖

𝑝
 , ∆𝐺̂𝑖

𝑝
, ∆𝐻𝑖

𝑝
 and 

∆𝐺̃𝑖
𝑝
 are rearranged versions of 𝐻̂, 𝐺̂ , 𝐻̂𝑖, 𝐺̂𝑖, ∆𝐻̂𝑖, ∆𝐺̂𝑖 , 

∆𝐻̃𝑖 and ∆𝐺̃𝑖 in (15) to (20) due to power allocation 

strategy. 

Unfortunately, finding the best PA ratio to maximize 

the PA SINR of (27) is not possible for us. Thus, we 

used a brute-force search method to finding the best PA 

value for each channel ensembles to declare the 

efficiency of the proposed PA in imperfect scenario. 

Simulation results in section VI shows significant 

improvement in BER of system due to PA. 

 

 

                                                    

[
𝑦̂1

𝑦̂2
] = √

3𝑃(1−𝜌2)

1

(

 
 

[
 
 
 
 
𝑝1ℎ̃11 𝑝2ℎ̃21

𝑝2ℎ̃21
∗ −𝑝1ℎ̃11

∗

𝑝1ℎ̃12 𝑝2ℎ̃22

𝑝2ℎ̃22
∗ −𝑝1ℎ̃12

∗ ]
 
 
 
 

[
𝑠11
1

𝑠11
2 ] + [

𝑝1𝑔̃11 𝑝2𝑔̃21

𝑝2𝑔̃21
∗ −𝑝1𝑔̃11

∗

𝑝1𝑔̃12 𝑝2𝑔̃22

𝑝2𝑔̃22
∗ −𝑝1𝑔̃12

∗

] [
𝑠21
1

𝑠21
2 ]

)

 
 

 +               √
3𝑃𝜌2

2

(

 
 

[
 
 
 
 
𝑝1𝛿ℎ̂11 𝑝2𝛿ℎ̂21

𝑝2𝛿ℎ̂21
∗ −𝑝1𝛿ℎ̂11

∗

𝑝1𝛿ℎ̂12 𝑝2𝛿ℎ̂22

𝑝2𝛿ℎ̂22
∗ −𝑝1𝛿ℎ̂12

∗ ]
 
 
 
 

[
𝑠11
1

𝑠11
2 ] +

              [

𝑝1𝛿𝑔̂11 𝑝2𝛿𝑔̂21

𝑝2𝛿𝑔̂21
∗ −𝑝1𝛿𝑔̂11

∗

𝑝1𝛿𝑔̂12 𝑝2𝛿𝑔̂22

𝑝2𝛿𝑔̂22
∗ −𝑝1𝛿𝑔̂12

∗

] [
𝑠21
1

𝑠21
2 ] +              

[
 
 
 
 

0 0

𝑝2𝛿ℎ̃21
∗ +

𝑝1
2

𝑝2
𝛿ℎ̃12 −𝑝1𝛿ℎ̃11

∗ + 𝑝1𝛿ℎ̃22

0 0

𝑝2𝛿ℎ̃22
∗ − 𝑝2𝛿ℎ̃11 −𝑝1𝛿ℎ̃12

∗ −
𝑝2

2

𝑝1
𝛿ℎ̃21]

 
 
 
 

[
𝑠12
1

𝑠12
2 ] +

              

[
 
 
 
 

0 0

𝑝2𝛿𝑔̃21
∗ +

𝑝1
2

𝑝2
𝛿𝑔̃12 −𝑝1𝛿𝑔̃11

∗ + 𝑝1𝛿𝑔̃22

0 0

𝑝2𝛿𝑔̃22
∗ − 𝑝2𝛿𝑔̃11 −𝑝1𝛿𝑔̃12

∗ −
𝑝1

2

𝑝2
𝛿𝑔̃21]

 
 
 
 

[
𝑠22
1

𝑠22
2 ]

)

 
 

+ [
𝑤̂1

𝑤̂2
]                                                                                    (26) 

  

𝑆𝐼𝑁𝑅𝑝 =

3𝑃(1−𝜌2)

2
  𝑇𝑟 (𝑯̂𝒑𝑯

𝑮̂𝒑𝑮̂𝒑𝑯
𝑯̂𝒑)

3𝑃𝜌2

2
 𝑇𝑟 (𝑯̂𝒑𝑯

𝑮̂𝒑 (𝑮̂𝒑𝑯
([

∆𝑯̂𝟏
𝒑

∆𝑯̂𝟐
𝒑] + [

∆𝑮̂𝟏
𝒑

∆𝑮̂𝟐
𝒑] + [

∆𝑯̃𝟏
𝒑

∆𝑯̃𝟐
𝒑] + [

∆𝑮̃𝟏
𝒑

∆𝑮̃𝟐
𝒑]))) + 𝑇𝑟 (𝑯̂𝒑𝑯

𝑮̂𝒑𝑮̂𝒑𝑯
[
𝒘̂𝟏

𝒘̂𝟐
])

 

 

(27) 

 

 

5. System performance improvement with 

Constellation Rotation  

Constellation Rotation (CR) is first introduced in 

terms of space diversity in [25]. At the first time, CR is 

used to overcome fading effects on wireless 

communications systems with PSK and QAM 

modulation in [26], [27]. Then researches in [28-30] 

showed that it can be used to improve system 

performance with imperfect CSI. CR is used for 

Alamouti coding system in fading channel [31] and also 

applied in [24] to reduce the desired SNR in a MIMO 

system. Figure (2) illustrates how CR improves system 

performance in imperfect CSI scenario. If we consider 

the CSI error as a distortion in channel space domain, 

CR tries to rotate the signal constellations to compensate 

the effect of this distortion on each constellation’s space. 

 
(a)      (b)                    (c) 

Fig. 2. QPSK constellation form for a) Perfect CSI, b) 

Imperfect CSI without CR, c) imperfect CSI with CR 

 
Benefit the CR in the illustrated system of figure (1), 

transmit signals can be rearranged as follows: 

[ 𝑏11
2  𝑏12

1  𝑏12
2  𝑏21

1  𝑏21
2  𝑏22

1  𝑏22
2 ]

= [𝑠11
1  𝑠11

2  𝑠12
1  𝑠12

2  𝑠21
1  𝑠21

2  𝑠22
1  𝑠22

2 ] ∗ exp(𝑗𝜃) 

 

(28) 

where 𝑠𝑖𝑗
𝑘  are transmitted symbols which defined in 

(3), (4) and 𝜃 is rotation angle. It is clear that all the 

equations (3) to (17) for  𝑏𝑖𝑗
𝑘  are the same as 𝑠𝑖𝑗

𝑘 . Thus 

the equation (18) can be rearranged as (29): 

𝐻̂1
𝑝
 

∆𝐻̂1
𝑝
 

𝐻̂1
𝑝
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𝒚̂ = √
3𝑃(1−𝜌2)

2
(𝑮̂𝐇𝑯̂ [

𝑠11
1

𝑠11
2 ] exp(𝑗𝜃)) +

         √
3𝑃𝜌2

2
(𝑮̂

𝐇
[
∆𝑯̂𝟏

∆𝑯̂𝟐

] [
𝑠11
1

𝑠11
2 ] exp(𝑗𝜃) +

           𝑮̂
𝐇
[
∆𝑮̂𝟏

∆𝑮̂𝟐

] [
𝑠21
1

𝑠21
2 ] exp(𝑗𝜃) +

         𝑮̂
𝐇
 [

∆𝑯̃𝟏

∆𝑯̃𝟐

] [
𝑠12
1

𝑠12
2 ] exp(𝑗𝜃) +

         𝑮̂
𝐇
[
∆𝑮̃𝟏

∆𝑮̃𝟐

] [
𝑠22
1

𝑠22
2 ] exp(𝑗𝜃)) + 𝑮̂

𝐇
[
𝒘̂𝟏

𝒘̂𝟐
]  

 

 

 

(29) 

Thus, the decoding process at the receiver can be 

expressed as: 

[
𝑠̂11
1

𝑠̂11
2 ] = 𝑯̂𝐇𝑮 ̂𝒚̂ =

         √
3𝑃(1−𝜌2)

2
(𝑯̂𝐇𝑮 ̂𝑮̂𝐇𝑯̂ [

𝑠11
1

𝑠11
2 ] exp(𝑗𝜃)) +

         √
3𝑃𝜌2

2
𝑯̂𝐇𝑮 ̂ (𝑮̂𝐇 ([

∆𝑯̂𝟏

∆𝑯̂𝟐

] [
𝑠11
1

𝑠11
2 ] +

         [
∆𝑮̂𝟏

∆𝑮̂𝟐

] [
𝑠21
1

𝑠21
2 ] + [

∆𝑯̃𝟏

∆𝑯̃𝟐

] [
𝑠12
1

𝑠12
2 ] +

        [
∆𝑮̃𝟏

∆𝑮̃𝟐

] [
𝑠22
1

𝑠22
2 ]) exp(𝑗𝜃)) + 𝑯̂𝐇𝑮 ̂𝑮̂𝐇 [

𝒘̂𝟏

𝒘̂𝟐
]  

 

 

 

 

(30) 

Finally, the rotated constellation should be rearranged 

to its original form at the ML detector as: 

𝑠11
𝑘 = arg max

𝑠 
𝑠̂11

𝑘 exp(−𝑗𝜃)  , 𝑘 = 1,2 (31) 

Note that, the first part of the right hand side of (30) 

is the perfect CSI received signals, the second part 

shows the Imperfect CSI effect and third part is related 

to noise. Thus, the purpose of CR is to minimize the 

second part as interference term in (32): 

𝑰𝒙𝟏𝟏
𝑹 =√

3𝑃𝜌2

2
𝑯̂𝐇𝑮 ̂ (𝑮̂𝐇 ([

∆𝑯̂𝟏

∆𝑯̂𝟐

] [
𝑠11
1

𝑠11
2 ] +

             [
∆𝑮̂𝟏

∆𝑮̂𝟐

] [
𝑠21
1

𝑠21
2 ] + [

∆𝑯̃𝟏

∆𝑯̃𝟐

] [
𝑠12
1

𝑠12
2 ] +

             [
∆𝑮̃𝟏

∆𝑮̃𝟐

] [
𝑠22
1

𝑠22
2 ]) exp(𝑗𝜃))  

 

 

(32) 

The equation (32) can be denoted as the cost 

function. The purpose of the CR is to minimize it’s 

power by finding the optimal rotation angle as: 

𝜃𝑜𝑝𝑡 = arg min𝑇𝑟 (𝐸((𝑰𝒙𝟏𝟏
𝑹 )

𝑯 
. 𝑰𝒙𝟏𝟏

𝑹 ))
𝜃

 (33) 

Since finding a closed form for 𝜃𝑜𝑝𝑡 is so 

complicated, in this paper, we find it by benefit the well-

known brute-force search algorithm. In practical 

systems, 𝜃𝑜𝑝𝑡 can be estimated from preamble data in 

each interval where CSI is estimated.  

Figure (3) clearly shows the effect of CR on 𝑰𝒙𝟏𝟏
𝑹 , 

and consequently the SINR. Using the brute-force 

search on interval 𝜃 ∈ [−
𝜋

2
,
𝜋

2
], SINR would maximize 

at a certain 𝜃 for each independent set of CSI realization. 

This rotation angle is called 𝜃𝑜𝑝𝑡. Further simulations 

and combination of PA and CR methods are prepared in 

the next section. 

 

 
Fig. 3. SINR Variations compared to rotation angel for 

5 independent set of CSI ( 2 =0.005 ,SNR=25 dB)   

 
6. Computer simulations   

In this section, we analyze the imperfect CSI effects 

on system performance and simulate the effect of PA on 

them. Computer simulations are provided in three 

subsections: system analysis without PA, with PA and 

with CR. 

 

6.1. System analysis without PA 

First, we analyze the imperfect CSI effects on BER 

of system and illustrate the performance degradation of 

system. For this purpose, consider constant rate BPSK 

modulation with varying SNR, 𝑃 and variance of CSI 

error denoted as 𝜌2. 

Figure (4) shows the BER degradation versus SNR in 

some constant CSI errors ( 𝜌2 = 0.001 , 0.005 , 0.01 ). 
 

In low SNR regime, the system performance is 

dominated by noise power and there is a slight 

difference in diagrams. But in high SNR regime, with 

increase of  𝜌2, significant increase in BER is observed 

whereas, for example, achieving  BER=10−4 for 𝜌2 =
0.001 needs 4dB in SNR increment.  

 
Fig. 4. system BER versus SNR for some constant CSI 

error variance ( 2 ) 
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Figure (5) shows BER degradation versus 𝜌2 in 

some constant SNRs (SNR=10dB, 15dB, 20dB, and  

25dB). This figure shows the linear increase of BER 

with increase of 𝜌2.   

 
Fig. 5. system BER versus CSI error variance for some 

constant SNR 

 
To illustrate the performance degradation caused by 

imperfect CSI, we define the following relation to 

represents the performance loss, compared to perfect 

CSI scenario: 

𝑃𝑒𝑟𝑓𝑜𝑟𝑚𝑎𝑛𝑐𝑒 𝐿𝑜𝑠𝑠 =
𝑃_𝐶𝑆𝐼_𝐵𝐸𝑅−𝐼𝑚𝑝_𝐶𝑆𝐼_𝐵𝐸𝑅

𝑃_𝐶𝑆𝐼_𝐵𝐸𝑅
  (34) 

It is shown in figure (6) that the performance loss is 

linear and increase in SNR results in performance loss 

increment. However, the performance loss is negligible 

in low SNR for 𝜌2 = 0.001. 

 
Fig. 6.  BER performance loss versus SNR for some 

constant 2  

 
Since Alamouti coding is used for increasing 

diversity gain, the following definition is proposed to 

show the imperfect CSI effects on diversity gain: 

𝐺𝑑 = − lim
𝑆𝑁𝑅→∞

log (𝑃𝑒)

log (𝑆𝑁𝑅)
  (35) 

Figure (7) shows that the diversity gain, in limitation 

case, tends to about 2 in perfect CSI, and tends to 1.4 in 

imperfect CSI with 𝜌2 = 0.001 and even goes under 1 

for 𝜌2 = 0.01. This means that the diversity gain is not 

achieved in highly imperfect CSI channels and 

advantage of Alamouti coding is lost. 

 
Fig. 7. diversity gain versus SNR for some constant 2  

 
As it is shown in (22), the SINR at high SNR regime 

is a proportional to 
(1−𝜌2)

𝜌2  and not related to transmit 

SNR. To illustrate this property, the received SINR is 

demonstrated in figure (8) with respect to 𝜌2 for some 

values of transmit SNRs. It shows that the SINR for all 

transmit powers converge to a specific amount by 

increasing 𝜌2. Thus, adding more transmit power cannot 

increase the SINR at the receiver. This can explain 

flatness of BER plot of figure (4) at high SNR regime. 

 
Fig. 8. Received SINR Versus 2  for some constant 

transmit SNRs 

 
6.2.  System analysis with PA 

 The effect of PA improvement in imperfect 

CSI scenario is shown in figure (9). The brute-force 

search method is used on the interval [0, 1] to find the 

best (normalized) PA values for each ensemble of CSI 

where the system is simulated with founded PA ratio to 

calculate the BER. Simulation result shows 4dB SNR 

improvement to have BER=10-5 in perfect CSI and 

BER=10-4 in 𝜌2 = 0.001 with the proposed PA 

algorithm. 
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Fig. 9.  BER performance with and without PA 

 
To illustrate the effect of PA on system performance, 

SINR changes with respect to transmit SNR is proposed 

with and without PA for both perfect and imperfect CSI 

channel. The result which is presented in figure (10) 

shows desirable improvement in system SINR. This 

SINR improvement can reduce the BER of system 

which is shown in figure (9). 

 

6.3. System analysis with CR 

To calculate the effect of CR on system performance 

we assumed that CSI remains constant for 1000 samples 

and then new CSI with new error is desired. The 

algorithm uses brute-force search for 𝜃 ∈ [−
𝜋

2
,
𝜋

2
] 

interval and finds the best angle to minimize the 𝑰𝒙𝟏𝟏
𝑹  in 

equation (32). Then, 1000 samples using the founded 

𝜃𝑜𝑝𝑡 is transmitted at each constant CSI. Then, the 

algorithm repeats these steps until the number of error 

symbols raise to 1000. The BER simulation of this 

algorithm is compared with original imperfect CSI in 

figure (11) and it is shown a desirable improvement in 

BER performance. For example, simulation result 

shows 2.5dB SNR improvement to have BER=10-5 in 

perfect CSI and 3.5 dB SNR improvement to have 

BER=10-4 in 𝜌2 = 0.001 with the proposed CR 

algorithm. 

 
Fig. 10. SINR compared to transmit SNR with and without 

Power Allocation 

 

 
Fig. 11. BER performance with and without 

Constellation Rotation for deferent amount of CSI error 

( 2 ) 

 
6.4.  Joint Power allocation and Constellation rotation 

performance Analysis 

We can combine PA and CR methods and use them 

jointly to achieve better BER performance as Pa-CR 

method. To do this, first we find power allocation 

coefficients using equation (27). Then we found the best 

rotation angle for power allocated symbols using 

equation (33). Simulation result for joint PA-CR method 

shows effective improvement in BER performance. 

According to figure (12), the SNR improve 7dB to 

achieve BER=10-4 with 𝜌2 = 0.001.  

 
Fig. 12. BER performance with and without Joint PA-

CR method for deferent amount of CSI error (  ) 

 
Figure (13) compare joint and single PA and CR 

methods with perfect and imperfect CSI for 𝜌2 = 0.001. 

The results show that, joint PA-CR method can be used 

in Alamouti coded 2-user X-channel to achieve better 

BER performance at the lower SNR regime in imperfect 

CSI conditions. 
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Fig. 13. BER performance comparison for PA method, 

CR method and joint PA-CR method for 2 =0.001 

 
7. Conclusion 

This paper analyzed the interference alignment and 

Alamouti coding under imperfect CSI condition and 

showed that the imperfect CSI effect can be separated 

from perfect CSI equations and separate into 

interference signal error and desired signal error. We 

showed that the BER of system varies linearly with 

respect to CSI error variance. Moreover, CSI error 

degrades diversity gain which achieved by Alamouti 

coding and if CSI error exceeds 𝜌2 = 0.01, the diversity 

gain goes under 1. Also, the result show that received 

SINR is bounded at high SNR regime with imperfect 

CSI and it’s bound is proportional to 
(1−𝜌2)

𝜌2  . This means 

that we cannot achieve arbitrary low BER by only 

increasing the transmit SNR. Then, we proposed Power 

Allocation algorithm, Constellation Rotation algorithm 

and combined them as Joint PA-CR algorithm to 

improve the performance of system in imperfect 

scenario. The results show that the proposed Joint PA-

CR can improve the BER floor of system and also 

improve the required SNR to have the same BER about 

7dB to have BER=10-4  in 𝜌2 = 0.001 and BER=10-3 in 

𝜌2 = 0.005. Computer simulation  confirm the attained 

analysis. The obtained results can help the future 

researches to improve the system performance under 

imperfect CSI or decrease the effect of each term of 

error. 
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